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LOI NOI PAU
Toan hoc va kinh té 13 hai linh vuc c6 mébi quan hé gan b6 véi nhau. Kinh té
la nguén cam hung cho todn hoc thyc hién kha nang tiém nang cua minh, con toan
hoc 14 cong cu gitip cho viée phan tich, giai quyét cac van dé kinh t& mot cach chit
ché&, hop 1y va hiéu qua. Toan kinh té 1 viéc nghién ctru dé mé ta cac van dé kinh
té dudi dang mé hinh toan hoc thich hop va tir goc d6 toan hoc s& tim ra 1oi giai
cho mé hinh d6, tir d6 gitp cac nha kinh té tim ra cc giai phap tdi wu cho bai toan

kinh té.

Dé dap Gmg nhu cau giang day va hoc tdp mon Toan kinh té cho sinh vién hé
dai hoc va cao dang, chung t6i d bién soan cudn gido trinh nay. Gido trinh khong
di sdu vao cac van dé 1y luan va cac k¥ thuat toan hoc phirc tap ma chi tap trung
trinh bay nhitng ndi dung co ban va cac thuat toan chinh cua 1y thuyét ti vu tuyén
tinh. Nham gitp sinh vién rén luyén k¥ ning trong gido trinh c6 ddy du cac vi du

cu thé mé ta timg tinh hudng, hudng dan ti mi toan bo qua trinh giai quyét van dé.
Noi dung gido trinh gdm 4 chuong:
Chuong 1. Bai todn quy hoach tuyén tinh
Chwrong 2. Bai todn quy hoach tuyén tinh déi ngdu
Chuwong 3. Bai toan van tdi

Chuong 4. Mot s6 bai todn mg dung cia bai todn quy hoach tuyén

tinh

Mic du ¢6 nhiéu ¢b ging, nhung gido trinh ndy chic chan khong tranh khoi
nhig thiéu sot. Chang t6i rat mong dugc ban doc gop v dé cudn sach ngay cang

hoan thién.

Cac tac gia
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Chuong 1
BAI TOAN QUY HOACH TUYEN TiNH
1. MOT SO Vi DU VE BAI TOAN QUY HOACH TUYEN TINH
1.1. Bai toan 1ap ké hoach san xuét
1.1.1. Ngi dung bai todan
Mot co s& san xuit co thé san xuat duoc hai loai san phém A va B, tur cac
nguyén liéu 1, II, III. Chi phi tirng loai nguyén li¢u va tién 14i ciia mot don vi san

pham, ciling nhu du trit nguyén liéu cho trong Bang 1.1.

Bang 1.1
Nguyén li¢u
Lai
I II I .
, (don vi tién)
San pham
A 2 0 1 3
B 1 | 0 5
Duy trix 8 4 3

Hay lap bai toan thé hién ké hoach san xuét sao cho co téng s6 13i 16n nhét
va phu hop véi diéu kién du trit nguyén liéu.
1.1.2. M6 hinh todn hoc cua bai todan
Goi Xy, X, 1an luot 13 sb san phém A va B dugc san xuat. Khi do:
Téng sb 14i 1a: 3x; + 5%,
Tong sd nguyén liéu I can st dung 13: 2x; + x,
Tong sd nguyén liéu II can st dung 1a: x,
Téng sd nguyén liéu I1I can sir dung 1a: x,
Theo bai ra, ta ¢c6 md hinh toan hoc: Tim X(x;, X,) sao cho

f(X) = 3X1 + 5X2 — max
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2x,+Xx, <8

. x,<4
vo1 diéu kién :
i X, <3
x;20,j=12

1.2. Bai toan phan cong lao djong
1.2.1. Ngi dung bai todn

Mot phan xudng c6 4 ddy chuyén san xuat khac nhau ¢ thé san xuét 3 loai
san pham. Luong san pham moi loai san xuat ra dugc khi st dung mot diy chuyén
san xuat moi loai trong mot gid va chi phi san xuit & day chuyén d6 sau mot gio

hoat dong cung véi nhu cau t61 thi€u vé cac san pham dugc cho boi Bang 1.2.

Bang 1.2

, Day chuyén san xuat Nhu ciu

San pham (SP) , ,
I II I1 1AY toi thiéu

SP 1 2 3 1 1 1600

SP 2 1 2 3 4 2200

SP 3 3 1 4 5 2000

Chi phi (10004d) 10 5 13 16

Hay lap bai toan dé bd tri thoi gian cho cac ddy chuyén san xuit sao cho
thoa min nhu cau tdi thiéu vé cic san pham dong thoi tong chi phi san xuét thap
nhat.

1.2.2. M6 hinh todn hoc cua bai todan
Goi x; 1a thoi gian (gio) 4p dung day chuyén san xuét th j (j = 1,4) khi do:
Tong chi phi san xuét 1a: 10x; + 5x, + 13x5 + 16x,  (1000d)
Téng luong san phém 1 san xudtra la: 2x; +3x, + x3+ Xy
Téng lugng san phém 2 san xudtra la: x; +2x, + 3x; + 4x,
Téng lugng san phém 3 san xuat ra 1a: 3x; + X, +4x;+ 5%,
Theo bai ra, ta ¢c6 m6 hinh toan hoc: Tim X(x;, X,, X3, X4) sao cho

f(X) = 10x; + 5x, + 13x3 + 16x4 — min
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2x,+3x, +x; +x,21600
X, +2x, +3x, +4x, >2200

vorditukien 95, Ly 4 ax, +5x, 22000

i=1,4

XJ.ZO,

1.3. Bai toan van tai
1.3.1. Ngi dung bai todan

Mot don vi van tai can van chuyén xi mang tu 3 kho K, K,, K; td1 4 cong
truong xdy dung Ty, T, T3, T4. Cho biét lugng xi ming c6 ¢ mdi kho, lugng xi
ming can & mdi cong truong va gia cude van chuyén (ngan dong) 1 tin xi ming tir

mdi kho téi mdi cong trudng nhu Bang 1.3.

Bang 1.3
Cong truong xay dung
Kho xi mang , , . ;
T;: 130 tan T,: 160 tan Ts: 120 tan T,: 140 tan
K,: 170 thn 20 18 22 25
K,: 200 tan 15 25 30 15
K;: 180 tan 45 30 40 35

Hay 14p bai toan tim ké hoach van chuyén xi mang tir cac kho tdi cac cong
truong sao cho tong chi phi van chuyén 1a nho nhat va moi kho déu phat hét lugng
xi mang c6, moi cong truong nhan du lugng xi ming can?

1.3.2. M6 hinh todn hoc cua bai todan

Goi x;; 1a luong xi mang can van chuyén tir kho i (i = 1, 2, 3) t6i cong trudng
1G=1,2,3,4). Khi do:

Kho K, phat hét lugng xi mang co: x;; + Xp + X3 + x4 =170

Kho K, phat hét lugng xi mang co: X, + Xz + X3 + Xo4 = 200

Kho Kj phat hét lugng xi mang co: x3; + X35 + X33 + X34 = 180

Cong truong T, nhan du sb xi mang can: X;; + Xy + x5 = 130

Cong truong T, nhan da sb xi mang caAn: Xyp + Xy + X3, = 160

Cong truong T; nhan du s6 xi mang can: X3 + Xo3 + X33 = 120
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Cong truong T4 nhan da sb xi mang cAn: X4 + Xoq4 + X34 = 130

Luong hang van chuyén khong am: x;; > 0,1 = 1,_3 ,]= 1,_4

Téng chi phi van chuyén: f(X) = 20x;; + 18Xy, + 22x43 + 25x34 + 15x,; +
25X, + 30%X,3 + 15X54 + 45%x3; + 30x3, + 40x33 + 35X34.

Vay mo6 hinh toan hoc cua bai toan la: Tim X = [X;j]3x4 sao cho f(X) — min
v6i X thoa man céc diéu kién trén.

Tong qudt: Goi m 13 sb kho chira hang (diém phat), n 13 sé noi tiéu thy hang
(diém thu).

a; 1a lwong hang c6 (cung) & diém phat thri (i=L,m)

b; 1a lugng hang can (cau) ¢ diém thu thirj (j = 1,n)

c;j1a chi phi van chuyén mét don vi hang tir diém phat i t6i diém thu j
xjjla lwgng hang van chuyén can tim tir diém phat i toi diém thu j.
M6 hinh todn hoc cua bai toan van tai co6 dang:

f(X)= iicuxu — min

i=1 j=l

m
vol diéukién ¢ X x..=b.,j=1,n

2. BAI TOAN QUY HOACH TUYEN TiNH (QHTT)

2.1. Bai toan quy hoach tuyén tinh dang tong quat

Pinh nghia 1.1. Tir cac bai toan thuc t& di néu cung rat nhiéu bai toan khéc, ta co
thé thay bai toan QHTT dang tong quat c6 dang sau:

Tim vécto X(x1, X, ..., X,) sao cho ham s6

£(X) =X, + X, +...4C,X, = ¥ .¢,X, —> min (max) (1.1)
=
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D ax <b,i=Lp (1.2)
j=1
. Z:aijxj >b,i=p+1,q (1.3)
vo1 diéu kién: < =
Z:aijxj =b,i=q+1Lm (1.4)
i=1
XjZO,j=1,k; ijO,j=k+1,r; (1.5)

trong d6: p, g, m, k, n, r 1a cac s6 nguyén théa min: 0<Sp<q<m;0<k<r<n.

xj la bién s6, cac hé sd G, aij, bi = Ln;1=Lm).
Khi d6: » Ham s6 f(X) = Zn:cjx ; duoc goi 1a ham muyc tiéu.
=
= Cac bat phuong trinh (1.2) - (1.5) duoc goi 13 hé rang budc cua bai toan.
Céc rang budc (1.2) - (1.4) duoc goi la cac rang buoc chinh (hay rang budc cuong
birc). Cac rang budc (1.5) goi 1a rang budc vé ddu (hay rang budc ti nhién) cia bai
toan.
Pinh nghia 1.2. Véc to X(xy, Xy, ..., X,) thoa man hé rang budc (1.2) - (1.5) duoc
goi la phuwong an cta bai toan..
Ky hiéu tap hop cac phuong an ctia bai toan QHTT la Q. Ta c6 3 kha nang:
- Bai toan (1.2) — (1.5) ¢6 v6 sd phuong an, tic 1a tap Q ¢6 vo s6 phan tir.
- Bai toan (1.2) — (1.5) chi ¢6 1 phuong 4n, tirc 13 tp Q chi c¢6 1 phan t.
- Bai toan (1.2) —(1.5) khong ¢6 phuong an nao, tic la tap Q = .
Pinh nghia 1.3. Phuong an X" (xl*,x; ,...,xZ) cua bai toan (1.2) — (1.5) duoc goi la
phirong dn t6i wu (PATU) ctia bai toan néu:
f(X*) < f(X), V Xe Q (d6i voi bai toan f(X) — min)
f(X*) > f(X), V Xe Q (d6i v6i bai toan f(X) — max)
Chui y: Tap PATU cua bai toan QHTT hodc mot diém hodc vo s6 diém hoic khong

c6 diém nao.
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Pinh nghia 1.4. Néu bai toan QHTT c6 phuong an ti wu thi bai toan dwoc goi 13 gidi
dwege (hay bai todn cé 1oi gidi) va phuong an t6i uu ctia bai todn con goi 13 101 giai cua
bai toan.
Néu bai toan QHTT khéng c6 phuong an tdi vu thi bai toan dugc goi 13 khdng
giai dwoc (hay bai toan khong co loi giai).
Pinh nghia 1.5. Néu phuong an X(x, X, ..., X,) cua mot bai toan QHTT lam thoa
min ) a.x, =b,thi phuong an X duoc goi 1a théa man chdt rang bugc i tuong tng
j=1
(1.2), hodc (1.3) hoac (1.4).
Néu phuong an X(xi, X, ..., Xp) €O Xj = 0 thi phuong an X duoc goi 1a thoa

man chat rang bugc vé ddau tuong img (n€u c6 rang budc loai x; > 0 hoac x; < 0).

n n
Néu phuong an X(xy, Xy, ..., X,) théa man Za..x. < b, (hodc Z:aijxj <b, hoac
j=1 j=1

LV

xj > 0 hodc x; < 0) thi phuong an X dugc goi la théa man long rang buoc twong
tmg (néu co).
2.2. Bai toan quy hoach tuyén tinh dang chinh tic va chuin tic
2.2.1. Bai todn quy hoach tuyén tinh dang chinh tic
Bai toan QHTT chinh tac ¢ dang: Tim X(x, X», ..., X;) sao cho

n
f(X)=cx, +c,x, +...+¢ X, =chxj — min (1.6)

i=1

n —
o | 2. =bi=lm (1.7)
vo1 diu kién < =
x;20,j=Ln (1.8)
all a12 aln
A 4 A _ a21 a22 a2n \ ~ A . \ A
Neéu ky hi¢u A = la ma tran cap m x n, goi la ma trdan

rang budc cua bai toan;
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X, b, 0
X b 0
X=|"|; B=|"|; 0=
_Xn_nxl _bm_mxl -0—n><1

Khi d6 bai toan QHTT chinh tic (1.6) — (1.8) viét dugc dudi dang ma tran
sau:
f(X)=CX — min
D AX=B
vo1 diéu kién
X>0

alj

4 Ay a j \ /4 A 4 . . PN 2. ~A . /4 N
Néu ky hiéu: A; = |14 vécto cot thir j (G =1,n) cua ma tran A. Khi d6 bai
a

mj
toan QHTT chinh tic (1.6) — (1.8) viét dugc dudi dang vécto sau day:
f(X)= chxj — min
i=1

E x.A.=B
r.* '/‘\ A J .]
vo1 dicu kién< j=1

x;20,j=1,n

Ma tran A =(A ‘ B) dugc goi 1a ma tran bé sung (hay con goi la ma tran
md réng) cia bai toan QHTT dang chinh tic (1.6) — (1.8).
2.2.2. Bai todn quy hoach tuyén tinh dang chudn tic.

Bai toan QHTT chuan tic co dang: Tim X(xy, X», ..., X;) sao cho

f(X)=cx, +c,Xx, +...+¢C X, = chxj — min (1.9)
i=1
‘ Yax;>b,i=1lm (1.10)
vo1 diéu kién < =
x;20,j=1,n (1.11)
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Bai toan QHTT dang chuén tic (1.9) — (1.11) viét dugc dudi dang ma tran
nhu sau:
f(X)=CX — min

v oex 1aa |AXZB
voi di€u kién
X2>0
Bai toan QHTT dang chuén tic (1.9) — (1.11) viét duoc dudi dang vécto sau
day:
f(X)= ZCJ-XJ- — min

j=1
voi1 diéu kién < =

2.3. Chuyén do6i dang bai toan quy hoach tuyén tinh
Bang cach thuc hién cac phép bién doi néu dudi day, ta c6 thé chuyén bai

toan QHTT bat ky vé bai toan QHTT chinh tic, chuén tic.

a) Néu rang budc c6 dang Za >b, thi ta thém bién phy x, ,; > 0 d& c6

j=1

1JJ

ZauXJ Xy

b) Néu rang budc c6 dang Za <b, thi ta thém bién phy x, . ; > 0 dé co

j=1

1JJ

ZauxJer

c¢) Néu c6 an x; nao do khong co rang budc v€ dau thi ta thay x; bo1 hai bién phu

khong &m x; >0 vax; >0 sao cho: x; = xj — x; .
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d) Mdi rang budc dang thuc Zaijx j=b; co thé thay bang 2 rang budc bat dang

=

n n
thire Z:aijxj <b. va Z:aijxj >b..
= =

n n
e) Mot rang budc Zaijx i< b, co6 thé viét lai thanh —Z a;X; 2 —b, hodc nguoc lai.
i=1 i=1

f) Bai toan tim cuc dat f — max co6 thé dua vé bai toan tim cuc tiéu g = -f — min.

Nhdn xét: 1) Khi dua bién phu x, - ; vao thi hé sd cta né trong ham muc tiéu f(X) la
Cn+i=0.

ii) Khi dua bién phu X, X; vao thi h¢ sd cta nd trong ham muc f(X)
tuong ing la C;=C;, C;=-C;.

iii) Moi bai toan QHTT déu dua duogc vé dang chinh tic va viéc giai bai
toan QHTT da cho twong dwong véi viéc giai bai toan QHTT chinh tic twong tng
v6i no, theo nghia 1a néu bai toan dang chinh tic c6 PATU thi tir d6 suy ra duoc
PATU cua bai toan ban dau, con néu bai toan chinh tic khong c6 PATU thi bai
toan ban dau ciing khong c¢6 PATU'. Néi cach khac: Bai toan ban dau c6 PATU khi
va chi khi bai toan dang chinh tic tvong ng véi né c6 PATU.

Nhu vdy, ta chi can tim cach giai bai toan QHTT chinh tic.

Vi dy 1.1: Pua bai toan QHTT sau vé dang chinh tic, dang chuan tic.

f(X) = 2X1 —Xy —> min

-

X, —2X, +X,<2
2X, —2X, = X323
X, +X,+x,=4

X, 20;x,20

voi diéu kién

Giai: * Dang chinh tac: Bang cach thay x; = x4 — X5 V&1 X4, X5 > 0 va thém hai bién
phu x¢, Xx72> 0, ta di dén bai toan:

f(X) =—x, + 2x4 — 2X5 — min
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—2X,+X; +X, —X5+X =2
o —2X, — X, +2X, — 2X; -X,=3
voi diéu kién B
X, +X; +X, —X; =4

XjZO;j=2,7

* Dang chuan tic: Bé‘mg cach thay x; = x4 — X5 VO1 X4, X5 > 0, d6i diu hai vé bat
dang thirc dau va thay bat dang thirc cubi bang hai bat dang thirc>, ta di dén bai
toan:
f(X) =—x; + 2X4 — 2X5s — min

2X, =X, —X, +tX;=2
—2X, =X, +2X,-2x,23
v6i diéu kién X, +X, +X, —X,24
-X,—X; —X, +x,=2-4

ijO,j:2,5

3. THUAT TOAN PO THI GIAI BAI TOAN QUY HOACH TUYEN TiNH
HAI BIEN
3.1. Nhan xét

Trong mit phang R? véi hé truc toa do vudng goc xOy ta co:

* Phuong trinh ax + by = ¢, biéu dién mot duong thang vudng goc véi vécto
phap tuyén 7 (a, b).

* Cac diém (x, y) théa min ax + by < ¢ nam trén ntra mit phang gii han boi
duong thang ax + by = c.

* Phuong trinh ax + by = f, khi f thay d6i s& cho ta ho duong thing song song
v6i vécto chi phuong v(—b,a). Gia tri f cang 16n khi dich chuyén cac dudng cia
ho theo hudng 7 (a, b).

Vi vay hinh anh hinh hoc cua bai toan QHTT trong R? duoc mo ta theo thuat
toan dd thi nhu sau.

3.2. Thuit to4n dd thi giai bai toan quy hoach tuyén tinh
Xét bai toan QHTT voi hai bién sb
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min(max){f(X) = c;x+ coy: X =(x,y)e Q},
trong do Q 1a tap phuong an cua bai toan.
Buée 1. Biéu dién cac diéu kién budc cta 1én mit phang toa d6 vudng goc xOy.
Tim tap phuong an Q.
Buéc 2. Biéu dién phuong cua ham muc tiéu ¢;x + ¢,y = f, bang cach cho f mot gia
tri f, ndo d6. Pudng thang ¢;x + ¢,y = £ dugc goi 1a duong mike.

Buée 3. Tinh tién song song duong muc trén tp phuong an dé tim phwong an t6i .

Chii y: Thay vi xac dinh vécto 7i(cy, ¢,) dé tim hudng ting, ta c6 thé kiém tra gia

tri ham muc tiéu & gbe toa do O(0, 0).

Vidu 1.2: Giai bai toan QHTT
min{f(X) =-2x + y}

X+2y 22

2x—-3y<6

4x +5y <20

x,y=>0

voi diéu kién

Gidi:

4

+ oh A OANNANY

D E
- 2 3 I g R
/-
| X+2y=2
Hinh 1.1

Biéu dién diéu kién budc cta bai toan 1én mat phang toa d6 xOy ta duoc tap

phuong an Q 1a hinh ngti gidc ABCDE (Hinh 1.1).

-15 - TRUONG PAI HQC KINH TE NGHE AN



- GIAO TRINH TOAN KINH TE -

Chon fy = 1, ta c6 duong mirc -2x + y =1 (d). Chon D(2, 0) = f(D) =-4 <
fy. Suy ra dich chuyén duong muc (d) theo chiéu miii tén thi gia tri ctia ham 1a

giam. Do d6 tinh tién (d) theo chiéu miii tén, ta c6 PATU la A(%,%) va fpp =

599
88
Vi duy 1.3: Giai bai toan QHTT
min{f(X) =x - y}

—2x+y<4

v6i didu kién {x -2y <2
x,y=0

Giai:

I S2x+y=4

A x—y=10d)

T——"

& | 7, _
TR :
v/

NI
0
/ﬁ'

Hinh 1.2
Biéu dién céc diéu kién budc cta bai toan 1én mat phéng xOy ta duoc tap
phuong an Q (Hinh 1.2).
Chon fy =1, ta ¢6 duong muc (d): x—y=1. Chon C(1, 1) suyra f(C) =0 <
fo = 1. Vi vay dich chuyén (d) theo chiéu mdii tén thi gi4 trj ctia ham muc tiéu f(X)
giam.
Ta thay f(X) khong bi chan trén tap phuong an nén bai toan khong c6

phuong an tdi vu.
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Ban doc co thé kiém tra thém véi vi du 2, nhung chi xét vo1 ham muc tiéu
f(X) = -2x + y va max( -2x + y) thi phuong an toi wu luc nay 1a diém A4, 0), f(A) = 4.
Ciing cach 1am nhu vay véi vi du 2, nhung thém diéu kién x — 2y > 5 thi tap
phuong an rdng. Bai toan khong cé phuong an t6i wu.
O vi du 1, néu thay f(X) = 2x — 3y thi bai toan c6 vo sd phuong an tdi wu.
Nhén xét: i)Tap PA cua bai toan QHTT 1a mot mién 16i bi chin hodc khong bi
chan.
ii) Bai toan co thé c6 PATU 1a mot dinh hodc ¢ vo sb PATU.
iii) Bai toan c6 thé khong c¢6 PATU néu ham muc tiéu khong bi chin
trén tap PA hoic tap PA rong.
4. MOT SO YEU TO HINH HQC TRONG KHONG GIAN R"
4.1. Tap hop 16i
4.1.1. Té hop 16i. Cho hé hitu han diém X, Xo, ..., Xy cua khong gian vécto R".

k k
Piém X = Y A.X; trong d6 A; > 0 (i = Lk), Y A, =1 dugc goi 1a 16 hop loi

) i=l
cua h¢ diem d cho.
4.1.2. Poan thing. Cho X,, X, € R". Tap hop cac diém 14 t hop 15i cua hai diém

d3 cho goi 1a doan thang ndi hai diém ay.

Tap hop XX, ={X R’

X =X, +(1-A)X,;0< A< 1} goi 1a doan thing

nbi hai diém X, X,.
4.1.3. Tap hop 16i. Tap M < R" duoc goi 1a tdp hop 16i néu moi doan thang nbi
hai diém cua tap hop thi ndm tron trong tap hop do.

Nghia la: Véimoi X;, X, e M, X =AX, +(1-1)X,;0<A<1thi X € M.
4.1.4. Piém cwc bién (Pinh). Diém X thudc tap 16i M duoc goi 1a diém cuc bién
néu X khong thé biéu dién thanh t6 hop 16i thuc su cta hai diém khac nhau thudc
M. Nghia 1a khong ton tai X;, X, € M (X, # X,) sao cho:

X=X, +(1-1)X,;0<r<]1.
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4.1.5. Siéu phding. Chot € R", o€ R, Khi d6 tap hop cac diém X € R" thoa

man diéu kién <T,X> = o goi 12 siéu phing thudc khong gian R".
Tap {X €R":(T.X)<a} goi 1a mia khong gian déng gi6i han béi sieu
phang <T,X> =qQ.

4.2. Tinh chat cia tap hop 16i

4.2.1. Giao cua cac tap 16i 1a tap 16i

4.2.2. Cho D, va D, la céc tap 16i. Khi d6 hiéu D =D, - D, va tong D =D, + D, 1a
cac tap hop 16i (hiéu va tong theo nghia hiéu va tong cac véc to twong Gmg thudc
tap hop).

4.2.3. Tap M 16i khi va chi khi t6 hop 16i ctia hitu han diém thuéc M ciing thuoc M.

)

4.2.4. Taip M =X eR":) ax <b,i= 1,2,...,m} la tap 16i.
j=1

Trong truong hop nay, tap M duogc goi 1a tdp 16i da dién thudc khong gian
R". Nhu vy, tdp 16i da dién la giao ciia hitu han cdc nira khéng gian déng.
4.2.5. Pa dién 16i M c6 hiru han diém cuc bién X, X,, ..., X, va moi diém thudc da
dién 16i 1a t6 hop 10i ctia cac diém cuc bién, nghia 1a moi X € M thi
X=Y) AX VA, 20> A =1.
i=1 i=1
5. TINH CHAT CUA BAI TOAN QUY HOACH TUYEN TiNH
5.1. Cac gia thiét ban dau
Khéng mét tinh tong quat, ta gia thiét:

Xét bai toan dang chinh tac

f(X)=cx, +c,x, +...+¢ X, =chxj — min (1.6)
i=1
\ Zaijx_j =bi,i=1,_m (1.7)
voi diéu kién < =
x;20,j=1,n (1.8)
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* Hé phuong trinh (1.7) c6 dung m phuong trinh doc 14p tuyén tinh.
*Vb>0,i=l,m .

* m < n (vi trong trudng hop m > n thi tdp phuong an cé nhiéu nhat mot
diém, do vay viéc xét phuong an t6i wu 1a tim thudng).

Ky hiéu: Q 1a tdp cac phwong an ctia bai toan (1.6) — (1.8).

Vi bai toan di cho, dé tién cho viéc chimg minh sau nay ching ta nhé rang:

Phuong an X* 13 phuong an toi wu khi va chi khi f(X*) < f(X), V X Q.
5.2. Cac tinh chit co ban ciia bai toan quy hoach tuyén tinh

Pinh 1y 1.1. Tdp phwong dn cia bai todn QHTT la tip 16i da dién.
Dinh nghia 1.6
- Piém cyc bién cta tip 16i cac phwong an goi 1a phirong dn cuc bién (PACB).

- Téap 16i da dién M dugc goi 1a bi chdn néu véi moi X =(x;) €M, ton tai s

thuc L sao cho ‘Xj‘ <L, j=1n.

- Tap 10i da dién khac rdng va bi chian dugc goi 1a da dién 16i.

Pinh 1y 1.2. Phuwong dn X € Q cia bdi toan QHTT tong qudt la phwong dn cuc
bién khi va chi khi X thoa man chat n rang buéc doc lap tuyén tinh.

Phuong &n cyc bién thoa man chat dung n rang budc goi la phuwong dan cuc
bién khong suy bién.

Phuong an cuc bién théa man chat hon n rang budc goi 1a phuwong dn cuc
bién suy bién.
Chii y: 1) SO n trong dinh nghia 13 s6 bién s cta bai toan.

11) Néu phuong an X théa man it hon n rang budc chat (hoac néu né thoa

man khong it hon n rang budc chdt nhung khong c6 hé n rang budc nao doc 1ap
tuyén tinh) thi phuong 4n X khong phai 1a phuong an cuc bién (hay goi 1a phuong

an khong cuc bién).
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Pinh nghia 1.7. Néu mot phuong 4n ctia mot bai toan QHTT vira 1a PACB, vira 1a
PATU thi phwong an d6 dugc goi 1a phwong dn cuc bién toi wu.

Vidu 1.4: Cho bai toan QHTT
f(X) = 8x; + 2X, + 9x3 — x4 — min
3x, +2x,-x,214
3x, —4x, -2x,=8
—X, +7X, +X; +3x, <7
X, 20;x,<0;x;,20

vo1 dicu kién

Xét xem vécto Xo(0, - 1, 6, - 2) va X;(4, 0, 0, -2), vécto nao l1a phuong an
cuc bién cua bai toan?
Giai: = Xét Xo(0, -1, 6, -2)

+ Thay X, vao h¢ rang budc cua bai toan ta théy théa man, do do X, 1a mot
phuong an cua bai toan.

+ Mat khac X, thoa man 4 rang budc chat 1a

3x, +2x,-x,=14
3x, —4x, -2x,=8

—X, +7X, + X, +3x,=-7
x,=0

So6 rang budc chat dung bang s6 bién ctia bai toan va dinh thirc ctia ma tran

cac h¢ s6 ung voi hé 4 rang budc chit la:

30 2 -1
0 2 -1
1 -4 0 -2
A= =4 0 -2/=0
-1 7 1 3
7 1 3
1 0 0 0

Suy ra h€ 4 rang budc chét 1a hé rang budc chat phu thudc myén tinh, do do
phuong an X, khong phai 1a phuong an cuc bién.
= Xét X1(4, 0,0, -2)

- Thay X, vao hé rang budc cua bai toan ta dugc
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3%, +2x,-x,=14
3x, —4x, -2x,=8
—X, +7x, +X; +3x,=-10< -7
X, =4>0
X, =0
X, =0

Nhu vay X, 1a phuong an cta bai toan. Phuong an X; lIam thoa man 4 rang

budc chat. SO rang budc bang so6 bién cua bai toan va dinh thirc cua ma tran cac h¢

sO ing vo1 hé 4 rang budc chat trén la:

3
1
0
0

0 2 -1
30 -1
4 0 -2
=-[1 -4 -2/=
1 0 0
0 1 0
0 1 0

Suy ra hé 4 rang budc chat 1a hé rang budc chat doc lap tuyén tinh. Do do

phuong an X, la phuong an cyc bién.

Pinh 1y 1.3. Néu tdp phwong dn cia bai toan QHTT tong quat khdc réng va bi

chan thi né la da dién 16i.

Pinh 1y 1.4. Néu tip phuwong én cia bai toan QHTT la da dién 16i thi ton tai

phwong an cuc bién toi wu.

Chitng minh: Theo gia thiét Q 1a da dién 16i, suy ra ton tai hitu han cac phuong an

cuc bién (di€m cuc bién) X, X,, ..., X, va voi moi X thudc Q ta co:

X :ixixi,vxi > o,zr:xi =1.
i=1 i=1

Dat f(X*) = min {f(X,), f(Xs), ..., f(X,)}, ta co:

f(X)= f(ip{i )= ixif(xi) > Zr:kif(X*) = f(X*)Zr:ki = £(X*).

Suy ra f(X) > f(X*), V XeQ. Vay X* la phuong an cuc bién t6i uu.m

=21 -
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Pinh 1y 1.5. Néu bai todn quy hoach tuyén tinh c6 phwong én t6i wu thi cé it nhat

mot phuong an cuc bién toi uu.

Nhdn xét: Ttr dinh 1y 1.4 va 1.5 cho phép chung ta tim phuong an tbi wu cua bai
toan quy hoach tuyén tinh trén tip cac phuong an cuc bién. Sau ndy, chiing ta thiy

thém rang s6 phuong an cyc bién 1a hitu han.

Pinh ly 1.6. Phuong dn X(xj) la cwc bién khi va chi khi hé véc to cot {AJ-} ung

voi cac x ;> 0 dgc lap tuyén tinh.
Churng minh: Khong mét tinh téng quat, gid st X c6 dang X = (xy, X2, ..., Xk, 0, ...,
0), trong do x4, Xy, ..., X > 0.
Piéu kién can: Gia st X 1a phuong &n cuc bién. Ta chiing minh hé véc to A, A,,
..., A doc 1ap tuyén tinh.
That vay, gid st nguoc lai h¢ A, A,, ..., A phu thude tuyén tinh, nghia la
tdn tai A, # 0 (s €[1,k]) ma
MA+ A + .+ MA=0. (1.12)
Lai do X 1a phuong &n nén
X1A] + XA, + ...+ XA = B. (1.13)
T (1.12) va (1.13) tacod
(x; £ OADA; + (X2 £ OM)A; + ...+ (X = O )AL =B.
Vi Xy, X2, ..., X > 0, nén ¢ thé chon 0 > 0 du bé dé x,+ OA,>0,s=1,2, ...,
k. Khi d@6 ta duogc:
Xi=(x1+0OAy, X5+ Ohy, .y Xk T O, O, ..., 0)
va Xo= (X1 —Ohy, Xp — OAy, ..., X — O, O, ..., 0)

1a hai phuong an khac nhau (vi ton tai As = 0, 0 > 0).
Nhung lic nay X = %Xl +%X2 , suy ra X 1a t6 hop 16i cua hai phuong an.

bicu nay 1a mau thuan vdi X 1a phuong an cuc bién.

Vay hé vécto cot Ay, A,, ..., Ay doc 1ap tuyén tinh.
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Piéu kién dii: Cho hé vécto c¢dt Ay, A, ..., Ay ciia ma tran rang budc A trong su
phan tich x;A; + X,A; + ... + X A = B, (VOi X1, Xa, ..., X > 0) doc lap tuyén tinh.

Ta chiimg minh X = (x, X, ...., X, 0, ..., 0) 1a phuong &n cuc bién.

Gia sir X khong phai 1a phuong an cuc bién, nghia 13 ton tai hai phuong an

khac nhau X'=(x")=(x",X",.....,x") va X"=(x")=(x",x",,....x",) cua bai
toan sao cho X =AX’+ (1 - V)X”, A e (0, 1). Diéu nay twong duong véi
X; :Kx'j+(1—k)x"j,Vj:1,_n.

Véi j=k +1,n thi mot mat X; =0,Vj=k +1,n, mat khac

X;=Ax"+(I-A)x";,Vj=k+1n,

ma X', X" 1a cac phuong 4n cta bai toan nén x'; 20, x";20,Vj=k+1,n. Suy ra

x';=x";20,Vj=k+1,n. Ttc la X’ va X" thoa man
x'A +x A, +...+x" A, =B
x" A +x",A,+...+x" A =B

T do, taco (x',—x")A, +(x',—x",))A, +...+(x",—x",)A, =0.

Vi X’ va X” 1a hai phuong an khac nhau nén ton tai x'—x", #0, tir dang
thurc trén suy ra hé vécto A;, A,, ..., Ax phu thudc tuyén tinh. Diéu nay mau thuan
vé6i gia thiét. Vay X 1a phuong an cuc bién.m
Vi dy 1.5: Cho bai toan quy hoach tuyén tinh

f(X)=x, -2x, +X; + X, —3X, > min
2X,+X, =X,  +X,+3x,=13
. —X, +X, +X, —5X, +2x, =1
voi diéu kién
3X, =X, + X, +9x, -3x, =7

ijO,ijl,S

Hoéi vécto X(4, 5, 0, 0, 0) c6 phai 1a phuong an cuc bién cua bai toan da cho
hay khong?

Gidi: Thay X vao hé rang budc ta thiy thoa min nén X la phuong an ctia bai toan.
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Phuong an X c6 hai thanh phﬁn duong 1a x;, X,. H¢ vécto cot ciia ma tran

rang budc A mg véi cac thanh phan toa d6 duong cua X 1a:

2 1
A1: _1, A2: 1
3 -1
X¢t ma tran
21 -1 1 2h, +h -1 1 -1 1
D=[A, A)]=|-1 1|2 5 2 |2 50 0 3|28t 50 0 3.

Suy ra rankD =2 = sb vécto cua hé, do do hé vécto {A, Ay} doc lap tuyén
tinh. Theo dinh 1y 1.6, phuong an X 1a phuong an cuc bién cia bai toan.
Vidu 1.6: Cling v61 bai toan nhu trén, héi vécto X(2, 8, 0, 1, 0) ¢ phai 1a phuong
an cyc bién hay khong?
Gidi: D& thiy X 1a mot phuong an cia bai toan.

Phuong an X c6 3 thanh ph?m toa do duong 1a x, x,, x4. HE vécto cot clia ma
tran rang budc A ung voi thanh phﬁn toa d§ duong ctua phuong an X 1a {A,, A,,

A4}, hé nay c6 so6 vécto bang so chi€u va dinh thirc ctia ma tran tao bdi chung la:

Suy ra hé vécto {A;, A,, As} phu thudc tuyén tinh. Vay X khong phai 1a
phuong an cuc bién.
Hé qua 1. SO foa dé duong cia phwong dn cwc bién c6 toi da la m (m la so
phuwong trinh cua hé rang bugc).
Heé qua 2. S6 phwong dn cuc bién cia 1a hitu han.
Chii y: i) Mot phuong 4n cta bai toan (1.6) — (1.8) c6 s6 thanh phan toa d6 duong
khong vugt qua m chua han 1a phuong 4n cuc bién.

1) Mot phuong an cuc bién c6 di m toa dd duong thi phuong an cuc bién

d6 1a phuong an cyc bién khong suy bién.
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iii) Mot phuong an cuc bién cua bai toan trén c6 sb thanh phan toa do
duong it hon m thi phuong 4n cuc bién d6 1a phuong an cuc suy bién.
iv) H¢ m vécto {A j} doc 1ap tuyén tinh tuwong tmg v6i phuong an cuc bién
X nhu d4 néu trong dinh 1y 1.6 goi 1a co s6 lién két.
v) Bai toan QHTT c6 tit ca cac phuong an cuc bién khong suy bién dugc
g0i 14 bai todn QHTT khéng suy bién.
Vidu 1.7: Cho bai toan

f(X) =2x,-x, +x, > min

2X,+x,-X,+x, =4
e h 1 3x, - X, —X5 =3
vo1 dieu kién
X, +X, + X, =2
\XjZO,jZI,S

a) Vécto X(2, 0,0, 0, 1) c6 phai la phuong an cyc bién khong?
b) Hé vécto {Ai, A, A3} c6 doc 1ap tuyén tinh khong? Néu c6 hiy tim mot
phuong an cuc bién tuong ng.
Giai: a) Vi hé vécto {A|, A4, As} doc lap tuyén tinh, nén X(2, 0, 0, 0, 1) 1a phuong
an cuc bién.
b) D& kiém tra hé vécto {A,, A, A;} doc 1ap tuyén tinh.
Gia st X*(xy, Xa, X3, 0, 0) (X1, X2, X3 = 0) 1a phwong an cuc bién can tim. Khi

dé X* théa man céc di€u kién rang budc cua bai toan.

16
X, =—
2x,+x,-%x, =4 9
3x, — X, =5 XZ:l
= 3 = Hé v6 nghiém.
X, +X, +X, =2 1
x;20,j=1,3

Vay khong tdn tai phuong an cuc bién nao nhan hé vécto {A;, A,, A;} 1a co

so lién két.
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Pinh 1y 1.7. Méi phwong dn cuwc bién cua tdp phwong dn Q déu ton tai mot ham
muc tiéu dé né la phwong an t6i wu duy nhat.
Churng minh: Cho X(X}5Xgsee05 X 505 Xy, 0..0,0) la phuong an cuc bién ung véi co sO
lien két AjA, ... A (k €[1, m]).

Dat: J=[1, k] 1a tap chi sb co so lién két cua X.

o Onéu jel
C=(c) Vol c = - ,taeclaC=10,0,..0,1,...1[.
! "1 néu jegl ares0

R rang CX = 0, va véi moi phuong an Y(y;) taco CY = D"y, >0. Vay X

j=k-+1
1a phuong an toi wu. Pong thoi néu co Y(y j) 1a phuong an t6i wu thi cling c6 CY =
0.

Laivi, ¢; =1v6ij ¢ J, ching t6 y; = 0 voij & J. Do [AjA;...Ai] khong suy
bién nén tir hé phuong trinh AX =B va AY = B suy ra X =Y, nghia 13 phuong an
X t6i vu duy nhat.

Pinh 1y 1.8. (V& sw ton tai PATU ciia bai toan QHTT)

Néu bai todn OHTT ¢6 tdp phwong dn khdc réng va ham muc tiéu bi chdn
dudi @i véi bai todn f(X) — min ( bi chdn trén doi véi bai todn f(X) — max) trong
tdp cdc phirong dn thi bdi todn cé phirong dn t6i wu.

Vi dy 1.9: Chirng minh bai toan sau c6 phuong an tbi uu
f(X)=-3x, -3x, +Xx; > min

X, —2X, +Xx;21

X, +5x, <16

v6i diéu kién -2Xx,+9x,2-3

-3x, —X,+3x,26

X; >0,Vj=13

Gidi: = Nhan thiy X(0, 0, 2) 1a mot phuong an cua bai toan, do d6 tip phuong an

cua bai toan 1a khac rong.
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* Ching t6 ham muc tiéu {(X) bi chan dudi.
Tur h¢ rang budc ta co
X, —2X, +Xx;21
- X, -5x; 2-16 =-3x, —-3x,-x;2-9
-3X, —X,+3x,26

Vi x; 2 0,Vvj=1,3 nén x3 > - x3. Do do
f(X)=-3x,-3x, +x, 2 -3x, -3x,-x;,2-9,V Xe Q.
Tlrc 1a ham muc tiéu f(X) bi chan dudi trong tap phuong an Q. Theo dinh 1y
1.8 thi bai toan c6 phuong an tdi wu.
Vidu 1.9: Cho bai toan QHTT
f(X)=5x, +2x, +2x, —5x, & min
2X,—2x, +Xx;— Xx,<5
. 3x,+ Xx,+3x,—-4x, <8
voi dicu kién <
X, —2x, +Xx;+3x,<7

x,20,Vj=1,4

Chung minh rang bai todn c6 phuong 4n nhung khong c6 phuong an téi wu.
Gidi: Xét ho vécto phy thudc tham s6 X(B) = (0, 2B, 0, B), moi B tiy y. Thay X(B)

vao hé rang budc cua bai toan, ta dugc:

2x0-2x(2B) +0—- B=-5B<5 B>-1
3x0+ 2B+3x0-4B=-2B <8 B >4
= < B=0
0-2x(2B) +0+3=—P<7 B>—7
x,;20,Vj=14 B>0

Vay, v6i moi £ > 0thi X(pB) la phuong an cua bai toan.
Mait khac, thay ho X () vao ham muc tiéu ta duoc
fiX(B)=—P—>—ookhi >+
Vay ham muc ti€u cua bai toan khong bi chan dudi trong tap phuong an, do

d6 bai toan khong co phuong an tbi uu.
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Pinh 1y 1.9. Néu bai todn QHTT cé hai phirong dn t6i wu khdc nhau thi ¢6 vé sé
phirong dn t6i wu.
Chitng minh: Gia st X, va X, 13 hai phuong 4n t6i vu khac nhau cua bai toan (1.6)
—(1.8), tirc 1a (X)) =f(X,) <f(X),V X € Q.

Khi @6, xét Y=AX;+(1-A)X,, A€ (0,1).

RO rang Y 1a mdt phuong an va

f(Y) = AM(X)) + (1 - MHI(X,) = (X)) =f(X,) £ f(X), V X € Q.
Vay Y 1a phuong an toi uu ciia bai toan (1.6) — (1.8), c6 v s6 Y nhu véy. m
6. PHUONG PHAP PON HINH

Noi dung ciia phwong phdp: Trén co so cac tinh chit d3 néu & trén, dé tim
phuong an t6i wu cia bai toan QHTT dang chinh tic ta c6 thé duyét cac phuong an
cuc bién bang cach: xuat phat tir phuong an cuc bién X, nao do, kiém tra X, c6 tbi
uu khong?

Néu X, t6i uu thi dimg.

Néu chua t6i wu thi tim cach chuyén sang mot phuong an cuc bién mai tot
hon (theo nghia gia tri cia ham muc ti€u giam).

Qua trinh tiép tuc nhu vay, ta dugc diy cac phuong an cuc bién tét dan. Vi
sb phuong an cuc bién 1a hiru han cho nén sau mot s6 hiru han buéc ta s& tim duge
phuong an cuc bién tdi vu nhat hodc xac dinh bai toan khong c6 101 giai.

6.1. Co s& ly luan cua phuwong phap don hinh

Xét bai toan QHTT dang chinh tic

f(X)=c¢x, +c,X, +...+C X, —Zcx =CX —> min (1.6)
j=1
‘ Zaljxj_b - AX=B (1.7)
voi dieu kién < = hay
x;20,j=1,n X=>0 (1.8)

Nhu 6 muc 5 chuong 1, ta gia thiét:
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* Hé phuong trinh (1.7) c¢6 ding m phuong trinh doc 1ap tuyén tinh (rank
A =m);

*Vb>0,i=1,m ;
*m<n.
Bay gid ta gia thiét thém rang:
- Bai toan (1.6) — (1.8) khong suy bién;
- Biét trudc mot phuong an cuc bién xuat phat X,
O phén sau s& néu cach giai quyét nhimg bai toan chwa co6 duoc gia thiét
nay.
Khong mat tinh tong quat, gia st phwong an cuc bién X, c6 dang:
Xo = (X105 X205 -5 Xmos 0, «.ey 0),
trong d6 x;,>0,Vj=1,2, .., m.
V6i co so lién két 1a AjA,...A,. Vi X, 1a phuong an nén no6 phai théa man
rang budc (1.7), ta cé
X10A; T+ X20A; et XpAm = B,
(1.14)

va gia tri cia ham muc tiéu tai X, la

f(Xo) = D ¢;X 0= CiXio + C2Xao T oo T CnXimo' (1.15)
j=1

Do Ay, A,, ..., Ay, 1a co s6 cta khong gian R™ nén cdc vécto A; (j = I,_n)

biéu thi qua duy nhit qua chung:

Aj = inin: leAl + ijAz + ...+ ijAm (J = l,l’l).
i=1

(1.16)
Dit X; = (Xuj, Xaj, +..r Xpy) 12 toa d0 ctia A; (j = 1,n) ddi véi co sd Ay, A,, ...,

An.

Chiiy: Néuj=1,2, .., mthi X;=(0,0,...,0, 1 ,0,....,0) 1a vécto don vj thir j.

vErYj
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Néu béng cach nao do biét duge X, 1a PATU thi muc dich cua ta da dat
dugc. Néu X, khong phai 1a PATU thi ta tim cach xdy dung mot phuong an cuc
bién md1 ma tai d6 gia tri ctia ham muc tiéu nhé hon f(X,).

Mubn vay ching ta can xac dinh mot co s& mdi, bé‘mg cach thay thé mot

vécto trong co s& cili bdi mot vécto nao dé6 ndm ngoai co so cll.

Khong mat tinh tong quat gia sir dua A (jJ= m+1n) vao co s6 moi (A co
dang (1.16)). Tu (1.14) va (1.15), ta co
(Xlo —GXU)AI +(X20 —9><2J.)A2 +...+(Xm0 —Oxmj)Am +9Aj =B,
(1.17)

trong d6 0 1a mot s6 duong tuy .

Vix;, >0, (Vi = l,m) , nén c6 thé tim duoc s6 0 da bé sao cho

(Xio B exij) > 0, (Vi = l,m) .

(1.18)

Khi d6 ro rang vécto

X*(x*) = (x,, —0x,,,x,, —0x X, —0x.0,..0, 0 ,0,..,0),(j=m+Ln)

1 2p7me my? V2 trf th j

la mot phuong an ctia bai toan (1.6) — (1.8), va tai do gia tri cia ham muc tiéu s€ la

fiX*¥)= D cx* = >c(x,—0x;)+ch =
j=1 i=1

bat A, :Zm:c,x,.—c,, (1.19)
goi la wdc lwong cua vécto A; ung voi phuong an cuc bién X,,.

Suyra  f(X*)=1(X,) - 0A;. (1.20)
Chiy: A; =0, Vjlachi s6 cua hé vécto trong co so cil.

Pinh 1y 1.10. (DAu hiéu t6i wu)
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Néu X, = (X10r X205 +ees Xmo» 0, ..., 0) la mot phwong an cuc bién sao cho
A; <0, V)= Ln thi X, la phwong dn toi wu ciia bai todn (1.6) — (1.8).

Chitng minh: Gia stt Y(y1, Va, ..., ya) 12 mot phuong an bat ky, ta can chimg minh

f(Xo) < f(Y).
Do Y 1a mot phuong 4n nén théa man rang budc (1.7)
Y1A1+Y2A2+ +ymAm:B, (121)
va gia tri cia ham muc tiéu tai Y la
f(Y)= Y ciy;=ciyi + caya+ .. + Coya - (1.22)

J=1

Vi A, <0, VJ—ln & ZCIXU_C V= Ln va yj 2 0, Vj=Ln nén tu

(1.22)tacod

f(Y) > Zn:(Zc xujyJ Z(Zn:ijichi. (1.23)

j=1

Mit khac, trong (1.21) thay A; boi (1.16) ta duoc
B- ZyJAJ Zyj (qu j =Z[Zijﬁin - (1.24)
i i=1 \_ j=1

Ma X, la phuong an nén ciing c6

B= X10A1 + X20A2 .t XmoA leo i (125)

i=1

So sanh (1.24) va (1.25) ta ¢6

=Y yx;,  Vi=Lm. (1.26)

Tu (1.23) va (1.25) suy ra f(Y) > f(X,).m
Pinh Iy 1.11. (DAu hi¢u bai toan khong cé 1i gii)
Néu ton tai mét vécto A; ngoai co so lién két cua phuong an cuc bién X,=

(X100 X201 s Xmo» 0, ..., 0) sao cho A; > 0 va X; = (xy;, Xz}, ..., Xp; ) < 0 thi bai toan
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(1.6) — (1.8) khéng c6 phwong dn téi wu, cu thé la ham muc tiéu cé thé ldy gid tri
nho tuy y trén tdp phuwong dan.

Chitng minh: Do X = (Xij, Xajs e» Xy ) <0 = Xx;; <0, V i = I,m nén véi 0 1a s6
duong nho tuy ¥ thi tir (1.18), suy ra X* 1 phuwong an c6 m + 1 thanh phan toa do
duong.

Mit khac, theo (1.20) thi f(X*) = f(X,) — 8A ;. Do A; > 0, 8 > 0 nén f(X*) <

f(X,), ttrc 1a phuong an X* tot hon X,.

Hon nira, f(X*) c6 thé ldy gia tri nho tiy y néu 6 duoc chon 1a s6 duong 16n
tuy y, tirc 1a ham muc ti€u khong bi chan dudi. Suy ra bai todn khong c6 phuong
an t6i wu.m
Pinh ly 1.12. (Cai tién phwong an hién c6)

Néu tai phuong an cuc bién X, ton tai A, > 0 va ton tai x; > 0 thi xay dung
dwoc phwong an cuc bién X; 16t hon X, nghia la f(X;) <f(X,).

Chitng minh: Theo gia thiét X, 1a phuong 4n nén

X10A1 + X20A2 + ..t XmoAm = B. (127)
Mit khac, A, duoc biéu dién qua co sO Ay, Ay, ..., Ay lién két cua X, 1a
Ak = XlkAl + szAz + ..+ kaAm . (128)

Tu (1.27) va (1.28) ta dugc
(X1 = 0% )A, +(Xy =X,y )A, +.oc+ (X, — 0%, )A,, +0A, =B,
trong d6 0 1a mot s6 duong tuy .
Khi d6 dé vecto
0,..0, 96 ,0,..,0),

X* = (x,, —0x,,X,, —0x,,.... X —0Ox
(X4 1k %20 2k2+> S mo vb Y thok_

mk ?

1a phuong 4n thi ta can va x, —0x, >0, Vi=1,m.

V6i 0 > 0 thi didu d6 tuong duong véi 0<0 < 20 vi=1,m.
Xik

Chon 0, = min{Xio

Xik

X, >0,1=1m } (1.29)
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Khong mét tinh té)ng quat, gid st min dat duoc tai chi sbi=1 (l=1,2, ..,

\ X . 27 . re
m), tire 1a 0, = —2 > 0. Khi d6 phuong 4n méi
X

X = (Xlo _eoxlk’XZO _90X2k""’x(l—l)o _eox(l—l)k’x(l+l)o _eox(l+1)k"“’

x. —0.x_.0,.,0, 0

o mko Voo

0,....,0),

,0
vErythe k

la phuong 4n c6 dia m thanh phén toa d0 duong (d6 la vitrithu 1, 2, ..., [ -1, [ +1,
..., m va k), hon thé nira X; = X, (vi 6,> 0).
Theo dai s tuyén tinh, hé vécto {A,A,,...A, LA, ..., A, A, }1a mot co s6.
Do d6 X, 1a phuong an cuc bién, déng thoi gid tri ham muc tiéu tai X 1a
f(X1) = f(Xo) — BoAx

Vi0,> 0, A, > 0 nén f(X;) < f(X,), hay X, tot hon X,. m
6.2. Cong thirc ddi toa dd va bang don hinh

Tir co 86 1y luan cua phuong phap don hinh da dugce trinh bay ta thdy rang
Xuat phat tir phuong an cuc bién ban dau X, duoc coi nhu di biét, sau khi kiém tra
néu thay chwa théa man dinh 1y 1.10 (d4u hiéu tdi wu) va dinh 1y 1.11 (d4u hiéu bai
toan khong giai duoc) thi ta phai tién hanh xay dung mot phuong an cuc bién mai
X, t6t hon X, va kiém tra no. Qua trinh d6 sau mot s6 hitu han bude s& két thuc,
lac do ta tim dugc phuong an t8i wu hodc két luan bai toan khong giai duoc.

Ta noéi réng da thyc hién dugc mot buoc lap néu nhu mdi phuong an Xuat
hién trong qua trinh néi trén, sau khi di kiém tra xong ta c6 dugc mot quyét dinh
tiép theo.

Trong mdi budce lip ta can xac dinh cac tham sd Xij, Aj, (gia tri ham muc
tiéu tai phuong an cyc bién dang xét), trong do6 viéc xac dinh x;; 1a kho khan nhat vi
mdi j ta phai giai mot hé phuwong trinh tuyén tinh. Do co s& lién két ctua phuong an
cuc bién & mdi budc lip chi khac bude lip trudc mot vécto nén ta co thé tim duoc
cac cong thic truy toan cho phép tim duge gia tri cua cac tham sd & mdi budc tir

cac gia tr1 & budc trudec.
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6.2.1. Céng thirc doi toa dé
Tai phuong an cuc bién X,, ta da biét
X;, 12 toa dO thur 1 cua X,
Xjj 1a toa d0 thir 1 cua vécto A;

Chu y: Néu h¢ co so AjA, ... Ay, ctia X, la cac vécto don vi thi x;; = a; cila ma tran A.

Tu do ta tinh dugc: A ; = Z:cixij —C;
i=1

f(Xo) = ZCiXiO )
=)

deé co X1 ta can tim Xil, X’ija A’j, f(Xl)

Theo chiing minh dinh 1y 1.12, ta ¢

X .
Zlo néu i =k
. 1.30
Xy = X (1.30)
lo A .
X, ——~X, nhéul #k
Xk

Tacohé {A,A,,...A_,ALA,,...A,} 1acosd ci ing v6i phuong an cuc

bién X, va thay A, bo1 Ay (k= m+1,n; k tng véi1 A, > 0), ta dugc co sé mdi

(ALA, LA LLA WA LAS
Theo (1.28) ta co
A= inkAi B inkAi + XA, X >0 (1.31)

i=1 i=1
il

Vé6imoij= Ln vécto Ajbi€u dién qua co so cli va moi la

A=) XA =) XA+ XA, (1.32)
- i
Aj =D x A =) XA XA, (1.33)

i=1 i=1
i#l

Tu (1.31) taco
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A = 1 A= XA, (1.34)
Mk o

Thay (1.33) vao (1.32) ta duoc

Aj = ZXUA+ A, ZXlkA

i=1 X]k i=1
i#l i#l

_ i Xy X
= X —— Xy |Aj+—A, (1.35)
-l X Xk

Do A; biéu thi tuyén tinh duy nhat qua co s& méi nén so sanh (1.33) va

(1.35) ta duogc

X, o
X;—— Xy néu i # k
, Xk
X', = (1.36)
Xy N
néu 1 =k
L Xk
Ngoai ra
f(X;) = f(X,) — 0,A . (1.37)

Véimoi j=1,n,taco

X
lj

Ecx +CX'y— ¢ = Ec X, ——Xlk +C ——C;
Xy X

1k
1¢1 1¢1

Xj | & B X1J
chxu—c —— > exy —c chxlJ c, chxlk c,

1¢1 i#l
s _ Xy
Slly raAj —Aj ——Ak (138)
Xk
6.2.2. Bing don hinh véi co sé don vi cé sin
Viéc bién d6i tir phuong 4n X, sang phuong an X, theo cac cong thire (1.30)

va (1.36) cho thuan tién ta mo ta né trén bang gdm cac dong va cac cot, dugc goi la
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bang don hinh nhu Bang 1.4.

Bing 1.4
Cosd | Hésd | Toadd | ¢ C, Ck Cn
Ai Ci Xo Al Az Ak An
A C Xlo X1 Xn @ Xin
AX) Ay Ay A Ay

Pé tién thyc hanh tinh toan, tir cac cong thirc (1.30), (1.36), (1.37) va (1.38)
ta néu thanh quy tic:
* A bang tich cac phan tir & cot (c;) trong tng véi cac phan tir & cot (A)),
roi cong lai, dugc két qua bao nhiéu trir phan tir cj O trén dau cot j.
* Céc phan tir hang k & bang mdi bang cac phan tir hang / & bang cii chia
cho phan tir truc xy.
* Cac phan tir hang i bang m&i (x’j), tuong ung bang hang k bang méi
nhan véi (— xy) 10i cong véi hang i & bang cii (i # k).
Pé dé dang tinh toan ta gia thiét cac cot ctia ma tran D 1ap thanh boi hé co s&
{Ai}z1 lién két v6i phuong an cuc bién X, 1ap thanh ma tran don vi. Khi d6 x;; = a;
Va Xj, = b;. Do vay céc s6 liéu ciia bang don hinh dau tién lac nay c6 dang (bang

don hinh véi co s& don vi ¢6 san):

Bang 1.5
Cosd | Hésd | Toadd | c C, Ck Cn
Ai Ci XO A1 Az Ak An
A Vi b, a1 ap A Am
AX) Ay A, Ay Ay
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Chu y.: Dong [ goi la dong xoay, cot k dugc goi 1a cot xoay.

6.2.3. Thudt todn don hinh véi co sé don vi cé sin
Buwéc 1. Chon co s& don vi va phuong an cuc bién xuat phat X, (xac dinh
Xio, Xij, f(X) va A).
Buée 2. Kiemtra Aj<0,Vj=1,2,..,n?
Néu c6, chuyén sang budc 7.
Néu khong, chuyén sang budc 3.
Bude 3. Kiém tra ton tai A;> 0, V x;; < 0?
Néu c6, chuyén sang budc 7.
Néu khong, chuyén sang budc 4.

Buéc 4. Chon Ay = max{A; > 0}, dua Ay vao co so.

Bwoc 5. Tim 6, = min {i} = dua A, ra khoi co s0.

oo | x| x,

Budéc 6. Xay dung X, theo cong thtrc (1.37), (1.43) hodc quy tic dd néu.
Géan X, : = X, roi tro lai bude 1.

Budéc 7. Dung lai, tra 101 ¢6 hay khong phuong an t6i wu.

Vidu 1.10: Giai bai toan QHTT sau

f(X) =x,—-x,+2x;-2x, -3x,—>min
X, +X; +X, —X,=2
X, +X, +Xx,=12

v6i diéu kién <
' 4x, +2x, + X, +3x,=9

x,20,Yj=16

Gidi: Chon co s lién két {A,, A,, As} 1 cac vécto don vi tuong tmg véi phuong

an cuc bién xuat phat X(2, 12, 0, 0, 9, 0). Ta c6 bang don hinh (Bang 1.6).
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Bang 1.6
Bang | Cosd | Hesd | Toaddo | 1 -1 2 -2 0 -3
sb A, Ci Xio A, A, A, Ay As Ag
=A, 1 2 1 0 1 @ 0 -1
| A, -1 12 0 1 0 1 0 1
As 0 9 0 0 4 2 1 3
f(X)=-10 0 0 -1 21 0 1
A, 2 2 1 0 1 1 0 -1
A, -1 10 -1 1 -1 0 0 2
—As 0 5 2 0 2 0 1 @
f(X)=-14 2 0 -3 0 0 3N
1
A, 2 3 3 0 U 1 - 0
5 5 5
9 2
A, -1 8 —— 1 - 0 -= 0
5 5 5
11
Ag -1 1 _2 0 2 0 1 1
5 5 5
—4 21 3
f(X)=-17 — 0 - 0 = 0
5 5

Tai bang III, ta thiy A; <0, V j = 1,6 nén ta c6 phuong an tdi uru la:
X=(0,8,0,3,0,1)vaf,,=-17.
6.3. Bai toan suy bién
Néu bai toan khong suy bién thi thuat toan ding lai sau hitu han budc lip.
Trong truong hop bai toan suy bién, nghia 13 ¢ thé gip phuong an cuc bién X, ma

c6 thanh phan thudc co s¢ bang 0, khi d6 dai luong 0, = min {X—} c6 thé bang 0.

Xy >0 Xik

Khi dat gia tri 1a 0, ta nhan dugc phuong an cuc bién méi gidng véi phuong an cuc

bién cili, mdc du co sé madi khac co sé cii. Hai kha nang co6 thé xay ra.
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Mot 1a sau mdt sb hitu han budc s& thoat khoi phuong an cuc bién X, va
chuyén sang phuong an cuc bién méi tot hon.

Hai 13 sau mot sd hiru han bude lai quay tré lai co s& ma né di qua. Truong
hop nay cho ta mdt vong khép kin bao gdm mot diy cac co s cua phuong 4n cuc
bién X,, nguoi ta goi ddy 1a hién tuong xoay vong cta thudt toan. Vé mat 1y thuyét
can phai co bién phap dé khic phuc trudng hop nay. Sau diy 13 bién phap ma
nguoi ta goi 1a quy tac tir vung dé khic phuc hién tuong xoay vong trén, dam bao
tinh htru han cua thuat toan.

No6i dung cua quy tac dé la: Gid st tai phuong an cuc bién X, véi co sé J

, . | X . - A . A 2 A o , \ -2
co 0, = mln{ ‘0} dat tai nhiéu chi s0, chang han trén tap R, < J,, lic nay nhiéu
x>0 | X.
ik

véc to co s& co thé dua ra khoi co so Jy, van d€ ta nén chon véc to nao dé tranh

hién tugng xoay vong? Khoéng mat tinh tong quat, gia st J, = 1,m, ta xét cc chi

4
A

s0:
Z—i(a eR,.a, >0),
néu gia tri nho nhét cta céac chi sd trén khong duy nhat ma dat tai nhiéu chi sd,
ching han trén tdp R, — R, thi ta chuyén sang xét cac ty so:
ag,
a—ﬁk(B S Rz,aBk >0).
Cu nhu vay cho dén khi xét duge cuc tiéu duy nhét, véc to ung véi cuc tiéu
duy nhét sé& bi loai ra khéi co so.
Chii y: Trong nhiéu truong hop giai bai toan quy hoach tuyén tinh, khi gip trudng
hop véc to loai khoi co s¢ khong duy nhat, nguoi ta khong can dung quy tic tir
vung ma chi loai mot cach ngau nhién ciing du dé khong gip hién twong quay
vong.
7. PHUONG PHAP TiM PHUONG AN CUC BIEN XUAT PHAT

7.1. Bai toan gia tao
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Trong thuat toan di néu & muc 6, gia thiét biét trudc phuong an cuc bién
xudt phat va khi thuyc hién bang don hinh ching ta gia thiét ma tran rang budc A
chtra ma tran don vi cép m thi khi d6 chon céac véc to A; don vi tuong ung dé tao
nén co so lién két va phuong an cuc bién xuat phat ban dau c6 x; = b, véi i thude
vao tap chi s6 ciia vécto hé co sé va x; = a;.

Trong bai nay, chiing ta s€ nghién ctru mgt phuong phap tim phuong an cuc
bién xut phat khi chua c6 ma tran don vi goi 1a phwong phdp phat (hay bdi todn
M).

Cho bai toan QHTT dang chinh tic

£(X) —Zcx — min (1.6)

. Zauxj—b i=L,m (1.7)
vol diéu kién < =
Vx.>0,j=1Ln (1.8)

trong d6 ma tran A khong chtra ma tran don vi, b;> 0 vd1 V1= 1, m.

Khi d6 ta c6 bai toan gia tao (hay bai toan M) nhu sau:

£(X) :Zn:cjxj+M(ixi)—> min (1.6)

i=l1
. Zauxj—kx b,i=1m (1.7)
vol dieu kién < =
Vx;20,j=1n (1.8)'

trong d6 M 1a s6 thuc duong 16n tuy .
Cacanx,.;>0vGi Vi= I,_m goi la an gia tao.

Ta théy hé vécto don vi {Ai1, Ans2, - Anrm} 12 h€ vécto doc 1ap tuyén tinh

m

nén X_0 =10,0,...,0,b,b,,...,b_ | 1a phuong an cyc bién cua bai toan M.
%/_J

nse0
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Vidu 1.11: Xétbai toan £(X) = x, +2x, — X, = max

—X, +4x, -2x,<6

. X, +X,+2x,26
voi diéu kién <
2x, —X,+2x,=4

x,20,j=13

Pua bai toan vé dang chinh tac bang cach dua vao cac an phu x4, x5 > 0.

g(X)=-f(X) = —x,-2x,+x; > min

—X, +4x, —2x, + X, =6
o X, +X,+2x, —X;=6
vo1 di€u kién

2x, —X, +2x, =4

x;20,j=1,5

Ta chi md1 ¢6 Ay 1a vécto don vi. Can dua thém hai an gia tao x¢, X7 dé dugc
bai toan gia tao:

g(X)=-f(X) = —x,—2x, +x; + Mx, +Mx, - min

—X, +4x, —2x, + X, =6
. X, +X,+2X, — X + X, =6
vo1 diéu kién
2X, —X,+2Xx, +x,=4
ijO,j:1,7

Khi d6 phuong an cuc bién cua bai toan gia tao v6i co so lién két don vi

(A4, Ag, A7} 13 X =(0,0,0,6,0,6,4)
Nhdn xét: i) Chung ta can phan biét an gia tao véi an phy.

+ An phu nham muc dich dua bai toan vé dang chinh tic

+ An gia tao nham muc dich tao ra ma tran don vi cép m dé tir d6 tim
ra phuong an cyc bién xuat phat véi co so lién két don vi. Vi vay ta chi can b
sung thém céc 4n gia tao néu can thiét.

+ Hé s6 ham muc tiéu cua an phu ¢; = 0 con hé s6 ham muc tiéu cua

an gia tao ¢,y =M >0 16n ty ¥.
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ii) Xuat phat tir phuong an cuc bién X_O ta co thé giai bai toan gia tao
bang phuong phap don hinh. Van dé dit ra 1a giira bai toan (1.6) — (1.8) va (1.6)’ —
(1.8) ¢6 mdi quan hé nhu thé nao? Pinh 1y sau sé& cho ta ciu tra 10i.

7.2. Méi quan hé vé phwong 4n t6i wu ciia bai toan gia tao va bai toan chinh
tic twong ing
Pinh 1y 1.13. C6 thé tim dwoc s6 My > 0 dii I6n, sao cho véi moi M > M, thi

a) Bai todn (1.6) — (1.8) ¢ phwong dén t6i wu X khi va chi khi bai todn gid
tao c6 phiong dn t6i wu X* = (X,w) va w = 0 (trong d6 w la thanh phan cia an
gia tao).

b)Néu badi todn gid tao c¢é phwong dn toi uu X*= (X ,w), trong dow #= 0
(tirc 1a ¢6 chira it nhdt mot thanh phan # 0) thi bai toan (1.6) — (1.8) khéng c6
phwong an t6i wu.
Chii y: i) Néu bai toan gia tao khong co phuong an t6i vu thi bai toan (1.6) — (1.8)
cling khong c6 phuong an tbi uu.

ii) Trong khi giai bai toan gia tao ta khong can phai xac dinh cu thé s6 M,
1a bao nhiéu, chi can xem M 1a s6 16n hon bat cir s6 ndo can so sanh voi no trong
sudt qua trinh tinh toan.

Do ham muc ti€u cua bai toan gia tao 1a mdt ham tuyén tinh dbi v&i M nén
cac udc lugng A sé c6 dang Aj = oyM + f3;.
Vi s6 M 1a rét 16n nén so sanh cac A ta co quy tic sau:
A; < 0 néu a; < 0 (bat ké ) hoidc (o = 0, B; < 0).
A; > 0 néu a; > 0 (bat ké ;) hoic (o = 0, B; > 0).
A > A néu 0 > oy hodc (o = oy, B> Pk ).
Khi giai bai toan ta co thé tach hang A; thanh hai hang; dong trén ghi f3;,
dong dudi ghi .

iii) Khi A,.; khong tham gia trong co s nita thi ta khong can tinh cot n + i.
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Vi dy 12: Tré lai bai toan trén, véi co s& lién két don vi {A4, Ag, A7} ta cO phuong

an cuc bién xuat phat 1a X, =(0,0,0,6,06,4). Ta c6 bang don hinh (Bang 1.7):

Bing 1.7
Bing cfy He Toa -1 -2 1 0 0 M | M
i SO SO
50 A | e doxio| A | Ay | A A, As | As | A
Ay | 0 6 -1 4 -2 1 0 0 |0
As | M | 6 1 1 2 0 -1 1 | 0
I |<A, | M | 4 2 11 0 0 0 | 1
B; 0 1 2 | -N 0 0 0 |0
0 10 3 0 4 0 -1 0 |0
Ay | 0 | 10 1 3 0 1 0 0
<As | M 2 -1 @ 0 0 -1 1
| As 1 2 1| =12 1 0 0 0
B; 2 2 | =321 0 0 0 0
0 2 o O A | 0 -1 0
<Ay | 0 7162 0 0 1 3/2
A | 2 1| =12 ] 1 0 0 ~1/2
OL oA, | 1 | 5234 o 1 0 ~1/4
1/2 1144 0 0 0 3/4
A | -1 | 145 1 0 0 2/5 3/5
A, | 2 | 12/5) 0 1 0 1/5 -1/5
Y A; 1 2/5 0 0 1 | =3/10 | =7/10
-36/5 0 0 0 |—11/10 | —9/10

Tai bang IV, c6 A; <0,V j = 1,5 nén ta co phuong an tdi vu la:

-43 - TRUONG PAI HQC KINH TE NGHE AN



- GIAO TRINH TOAN KINH TE -

X=(2, 122 0,0,0) va = grn= 2.
5 55 5

Nhue vdy: Dé giai mot bai toan QHTT khong suy bién bat ky ta thuc hién theo cac
budc sau:

a) Pua bai toan vé dang chinh tic néu né khong & dang chinh tic.

b) Thém bién gia tao va giai bai toan gia tao néu chua biét phuong an cuc
bién xuét phat.

c) Tir 10i giai ctia bai toan chinh tic hay bai toan gia tao ta suy ra 1oi giai cia

bai toan da cho.
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Chuwong 2
BAI TOAN QUY HOACH TUYEN TiNH POI NGAU

Chuong nay dé cap téi van dé ddi ngau trong quy hoach tuyén tinh (QHTT).
Dbi ngau 13 mot phwong phap ma twong Gng véi mdi bai toan quy hoach tuyén tinh
d3 cho (goi 1a bai toan gdc) ta c6 thé thiét 1ap mot bai toan quy hoach tuyén tinh
khac (goi 1a bai toan d6i ngau) sao cho tir 10i giai clia bai toan nay ta sé thu duoc
thong tin vé 101 giai ctia bai toan kia.

Sau ddy, chung toi trinh bay cach xay dung bai todn doi ngiu ciia mot bai
toan quy hoach tuyén tinh da cho, néu cac dinh 1y di ngiu co ban va phuong phap
don hinh ddi ngau.

1. KHAI NIEM BAI TOAN QHTT POI NGAU
1.1. Bai toan quy hoach tuyén tinh déi ngiu khong déi xiéng
Cho bai toan QHTT dang chinh tic (I):

f(X)=cx, +c,x, +...4+¢ X, =chxj — min (2.1)
i=1

. D ax =b, i=lm (2.2)
voi dieu kién < =

x; 20, j=1,n (2.3)

Pinh nghia 2.1. Bai toan QHTT (I) sau

g(X)=b,y, +b,y, +..+b_ y = Z:biyi — max (2.1)

i=1

‘ ay.<c, j=ln (2.2)'
vo1 diéu kién ; i =6

y. €R, 1=1,m
duoc goi 1a bai todn QHTT déi ngdu cua bai todn goc (1).
Cip bai toan (I) va bai toan (1) dugc goi 14 cdp bdi todn QHTT doi ngdu

khéng doi ximg.
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Nhdn xét: Phan tich cAu tric cta hai bai toan, ta c6 thé rit ra nhirng nhan xét, dé)ng
thoi 1 nhitng nguyén tac thanh lap bai toan d6i ngau:

(i) Néu bai todn goc tim Min thi bdi todn doi ngau tim Max va hé rang budc
ctia bai toan d6i ngau c6 dang “< .

(i) S6 rang budc (khong ké rang budc vé diu) trong bai toan nay bang sd
bién sb trong bai toan kia, tir d6 ta thiy twong tmg véi mdi rang budc cua bai toan
nay 1a mot bién sé ctia bai toan kia.

(iii) Hé sb trong ham muc tiéu cua bai toan ndy 13 vé phai ctiia hé rang budc
trong bai toan kia.

(iv) Ma tran diéu kién trong hai bai toan 1a chuyén vi cta nhau.
(v) Céc bién sd trong bai toan dbi ngau khong co rang budc vé dau.
Pinh nghia 2.2. Cic cip bat phuong trinh sau

m —
Xx;20 va Zaijyiﬁcj, j= Ln.
i=1

Z:aijxj =b. va y;e R, i=1,m.
i=1
duoc goi 1a cac cdp diéu kién doi ngdu.
Vidu 2.1: Cho bai toan QHTT
f(X) = 13x; — 3x, — 4x3 + 19x4 = min
2x,+ X,— X;+3x,=44
. —X, +2x, +3x,+ x,=23
vo1 diéu kién
3X,—X,— X;+6x,=96

x,20, j=14

Viét bai toan d6i ngu cho bai toan nay va chi ra cac cap diéu kién ddi ngau.
Giai:

Do bai toan gdc tim Min nén bai toan d6i ngau tim Max va bai toan gbc c6 3
rang budc (khong ké rang budc vé ddu) nén bai toan déi ngu co sb an 1a 3. Hé sb
ham muc tiéu cua bai toan ddi ngiu tuong tng 1a vé phai hé rang budc cia bai

toan goc.
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Do do g(Y) =44y, + 23y, + 96y; — max
Céc cap diéu kién ddi ngau:

2x,+ Xx,— X,+3x,=44 vay eR
—X,+2x,+3x,+ x,=23 vay,eR

3, -X,— X,+6x,=96 vay,eR

x, 20 valy, -y, +3y,<13
X,20 vay, +2y,-3y,<-3
Xx; 20 va -y, +3y, -3y, <-4
x,20 va 3y, +y, +6y,<19

Ta c6 bai toan dbi ngiu:

g(Y) =44y, + 23y, + 96y; — max
Y1,Y2,¥3€R

2y; = Yo +3y3<13

v6i diéu kién{ yq +2y, —3y; <3

—Yyq1+3yy —3yz<—4

3y, + Yo +6y3 <19

Chii y: Néu bai toan gdc (I) duoc viét dudi dang ma tran
f(X) = CX — min
véi didu kién {AX =B
X>0
thi bai toan dbi ngdu (1) c6 dang:
g(Y)=YB — max
véi diéu kién YA < C,

trong 6 O 13 ma tran khong cip nx1, Y = (y; y» ... Ym) ld ma tran hang cdp 1x m.
1.2. Quy tic thanh lap bai toin d6i ngiu

Dbi véi bai toan bat ky dé xac dinh bai toan ddi ngau, trude hét ta dua vé bai
toan dang chinh tic, sau d6 xay dung bai toan ddi ngiu cta bai toan ndy va goi no

13 bai toan ddi ngiu ctia bai toan da cho. Viéc 1am trén kha phuc tap do d6 chung ta
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c6 thé sir dung cac quy tic néu trong luge dd dudi dy dé truc tiép viét bai toan ddi

ngau ma khong can phai thyc hién budce bién d6i vé dang chinh tic.

LUOC O TONG QUAT

Dang 1.

Bai toan goc: f(X) = ZC X. —> min

Bai toan dbi ngau: g(Y) = Z:biyi — max

i=1

*Neux;=0
*Neux;<0

* Néu x; khong rang budc vé dau

thi

thi

m
285 <¢;.
i=1

m
PRI
i=1

m
D85 =¢;.
i=1

* Néu Zau i=b; thi y; khong rang budc vé dau.
* Néu Zau i S thi y; <0.
* Néu Zau i thi y; > 0.

Dang 2.

Bai toan goc: f(X)= Zc X. —> max

Bai toan dbi ngau: g(Y) = Z:biyi — min

i=1

*Neux;=>0
*Neux;<0

* Néu x; khong rang budc vé dau

m
PRI
i=1

m
285 <¢;.
i=1

m
285 =¢;.
i=1
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Bai toan goc: f(X)= Zc X, —> max

j=1

Bai toan d6i ngau: g(Y) = Z:biyi — min

i=1

* Neu Zau iT i
Néu Dag <

* Néu Zau i

thi Yi > 0.

thi y; khong rang budc vé dau.

Chu y.: Do tinh do61 xttng cua cap bai toan doi ngau nén khai ni¢m bai toan goc va

bai toan do61 ngau chi mang tinh tuong doi, nghia 1a néu bai toan nay la bai toan

goc thi bai todn kia 1a bai toan doi ngau va nguoc lai.

Vi dy 2.2: Viét bai toan ddi ngiu ctia bai toan sau:

f(X) = - 4x; + X, + 5X3

3x, —6x,

—2X, +3x, +4x, —5X, + X,

v6i diéu kién —6x, +3x, +8x, —4x,
3x, +2x, - 3%,

X, 20, X, <0,

Giai: Bai toan doi ngau c6 dang

+ 3X5 — min

- X, +2x, +4x,=2-15

=9
+ X, = 24

X5 =0.

g(Y) =- 15y, + 8y, + 9y; + 24y, — max

+3y, <-4
X -6y, +2y,=1
véi didu kién s
-y, +4y, +3y, >5

2y, =5y, +8y; -3y, =0

K4Y1 + y,—4y; +y, <3
Y
Y,
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1.3. Bai toan quy hoach tuyén tinh d6i ngiu ddi xirng

Cho bai toan quy hoach tuyén tinh dang chudn tac (11)

f(X)=> ¢x;, - min (2.4)
j=1
‘ Yax;2b, i=lm (2.5)
vo1 diéu kién < =
x;20, j=1,n (2.6)

Khi d6 bai toan d6i ngiu cua bai toan (II) 1a bai toan (I1)

g(Y) =) by, > max (2.4)
i=1
. a,y.<c, j=1ln (2.5)
vé6i didu kién Z ! !
y; 20, i=1,m (2.6)

Pinh nghia 2.3. Cip bai toan (II) va bai toan (II) dwoc goi 1a cdp bdi todn doi
ngau doi ximg.
Dung cac ky hiéu ma tran ta c6 thé viét cip bai toan QHTT dbi ngau doi

xung trén nhu sau:

Bai toan gbc Bai toan doi ngiu
min {f(X) = CX} max {g(Y) = YB}
. AX>B . YALC
Vo1 diéu kién Vo1 diéu kién
X 2 On><l Y 2 lem

Chii y: Cap bai toan QHTT dbi ngiu d6i xtmg trén c6 m + n cip diéu kién d6i
ngﬁu.
Vi dy 2.3: Tim bai toan d6i ngiu cua bai toan

f(X)=2x, -x, +x; - min
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X, +2X, —x;22
v6i diéu kién { 2x, — X, +2x, > 5
X, X,,X; 20
Gidi: Bai toan d6i ngau 1a
g(Y)=2y,+5y, - max
y,+2y, <2

2y, -y, <-1
-y, +2y, <1

Y- Yo 20

vo1 diéu kién

2. CAC PINH LY POI NGAU

Ta c6 cac dinh 1y sau ddy phan 4nh mdi quan hé giita bai toan gdc va bai
toan d6i ngdu. Cac chirmg minh duoc thyc hién cho cip bai toan ddi ngiu khong
d6i xtmg. Su dung ddn cua cac két luan ddi véi cip bai toan dbi ngau tiy ¥ duoc
suy ra tir nhan xét moi cap bai toan dbi ngau co thé dua duoc vé dang cap bai toan
d6i ngau khong dbi xing.

Xét cap bai toan QHTT dbi ngdu khong dbi xing
Bai toan goc (I) Bai toan déi ngu (1)

f(X)=CX — min g(Y)=YB — max

AX=B

véi diéu kién YA <C
X 2 On><1

Vo1 diéu kién {

Pinh Iy 2.1. Gid sir X la phwong dn tiy ¥ ciia bai todn géc (1), Y la phwong dn tity
¥ ciia bdi todn ddi ngau (1). Khi dé ta luén cé f(X) >g(¥Y).
Chung minh: Gia sit X la phuong &n tuy v cua bai toan (I), Y 1a phuong an tuy y

cta bai toan (l).
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f(X)=CX= chxj > Z(Zaijyijxj = Z(Zaijijyi = Z:biyi =YB =g(Y)
j=1 =1 \Ui=l =1 i=1

i=1

Vay f(X) > g(Y). m
Pinh 1y 2.2. Néu X* la phwong dn cia bai todn (), Y* la phiong én ciia bdi todn
(1) théa mén f(X*) = g(Y*) thi X* la phwong dn t6i wu cia bai todn (I) va Y* la
phirong dn t6i wu ciia bdi todn déi ngau (1).
Chitng minh: Gia st X 1a phuong an bat ky cua bai toan (I), theo dinh Iy 2.1
chuong 2, ta co6

f(X) > g(Y*) = f(X*), V X
Suy ra min{f(X)} = f(X*). Do d6 X* 1a phuwong an t6i wu cta bai toan (I).
Twong tw, l4y Y 1a phuong an bat ky cua bai toan (1), ta co
g(Y) < f(X*) = g(Y*), VY

Suy ra max{g(Y)} = g(Y*). Do d6 Y* la phuong 4n t6i wu cua bai toan (I).
u
Hé qua 2.1. Cap bai todn ddi ngau (1) va (1) c6 phuong dn t6i wu khi va chi khi
chung co phuong an.
Chitng minh: Diéu kién can: Hién nhién.
Diéu kién dii: Gia st X, Y 1a cap phuong an cta bai toan (1), (1). Dé chimg minh
bai toan (I) va (1) c6 phuong an tdi wu, ta chimg minh ham muc tiéu cua ching bi
chan.

That vay, 1y X 13 phuong an bat ky ctia bai toan (I), theo dinh 1y 2.1 chuong
2, ta co:

fiX) > g(Yy), VX

Suy ra ham muc tiéu f(X) bi chin dudi trong tip phuong an cua bai toan goc
(I), theo dinh 1y 1.7 chuong 1 thi bai todn gdc (T) phai c6 phuong 4n tdi uu.

Van theo dinh Iy 2.1 chuong 2, ta c6

g(Y) <1(Xp), VY.
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Suy ra g(Y) bi chn trén trong tdp phuong an cua bai toan (1), theo dinh 1y
1.7 chuong 1, thi bai toan (1) phai c6 phuwong 4n t6i vu.m
Hé qua 2.2. Néu mét trong hai bai todn (I) hodc (1) ¢6 tdp phuong dn khic &
nhing khong cé phirong dn t6i wu thi bai todn kia c¢é tdp phwong dn la .
Chutng minh: (Sinh vién tw chirng minh xem nhu bai tdp)
Pinh 1y 2.3. (Pinh Iy doi ngdu thir nhit)

Néu mét trong hai bai todn ciia cdp bai todn doi ngau c6 phuong dn t6i wu

thi bai todn kia ciing cé phiong dn t6i weu, dong thoi
min {f(X)} = max{g(Y)}
Ta thtra nhan dinh 1y vira néu.
Pinh 1y 2.4. (Pinh Iy léch — bi hay dinh Iy déi ngdu thir hai)

Cdp phuwong dn X*, Y* twong vmg ciia cdp bai todn déi ngau la toi wu khi va
chi khi trong tirng cdp diéu kién doi ngdu, néu diéu kién nay théa man long thi diéu
kién kia thoa man chat.

Ap dung ciia cdc dinh Iy d6i ngdu.
1. Khdo sdt si ton tai phwong én, phwong dn t6i wu
Vidu 1: Cho bai todn QHTT
f(X) = 2x; — X, + 3X3 — 2X4 —> min
X, — X, =15
voi diéu kién X

x.>0,j=1,4

J

w
|
>

~
Il
o0

Hay viét bai toan ddi ngiu va chimg to nd c6 phuong an tbi uu?
Giai: Bai toan d6i ngiu
g(Y) =15y, + 8y, - max

M <2

r.. . /‘\ A _YI S _1
vo1 diéu kién
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D@ dang thay rang X(15, 8) va Y(1, 2) 1a cac phuong an cua cip bai toan ddi
ngau. Theo hé qua 1, suy ra bai todn c6 phuong an tbi uu.

Mait khac, do hang ctia hé rang budc cua bai toan ddi ngau bfmg 2 do do6 nod
c6 phuong an cuc bién tdi wu.
2. Kiém tra mét phwong dn cé t6i wu hay khéng.

= Néu biét cip phuong an X*, Y* thi chi can kiém tra diéu kién f(X*) =

f(Y*)

= Néu chi biét phwong an X* thi sir dung dinh 1y 1éch bu tim phuong 4n Y*
ctia bai toan ddi ngau.
Vidu 2: Cho bai toan QHTT

f(X) = 2x, + 4x, + Ax, > max

X, +3X, +x,=4
o 2X, +X, +X, =3
vo1 dieu kién
X, -3x,<3
\XJZO,Vj=1,4

a) Hay ching t0 Xo(1, 1, 0, 0) 1a phuong 4n cuc bién dong thoi tai A = 0 nd
cing 1a phuong an tdi uu.
b)Tim phuong an téi wu cua bai toan dbi ngiu. Xac dinh A dé bai toan c6 vo sb
phuong an téi wu.
Gidi: a) Thir lai ta thiy ngay X, 12 phuong 4n cua bai toan da cho. Mit khac X,
thoa man chat 4 rang budc doc 1ap, vay n6 l1a phuong an cuc bién.
Xét bai toan doi ngau

4y, + 3y, + 3y, > min

y, +2y, =2
3y, +y,+y;24
v6i diéu kién Y, >\
M =3y, 20
y;20

-54 - TRUONG PAI HQC KINH TE NGHE AN



- GIAO TRINH TOAN KINH TE -

Ap dung dinh 1y 1&€ch bu, & day x,, x, > 0 va X, thoa man long diéu kién thu

3 nén ta c6 h¢ phuong trinh

Y, 2y, =2 6 2
3YI +YZ+YS =4 = Y(§’§,O)

y, 20
Thur lai ta thiy Y, 1a phuong 4n cta bai toan ddi ngdu. Vay tai A = 0, X, 1a

phuong an tdi vu.
b) RS rang tai A = 0, Y, ciing 1a phuong an t6i wu cua bai toan d6i ngdu. Khong

N ISR 2 .. .1 T SR .
nhirng thé, vd1 moi A < — thi Y, cling 1a phuong an cua bai toan déi ngau. Do do

e 2 . \ A
vo1 moi A < — ta co X, la phuong an t61 uu.

Voéi A < —, Yy thoa man long rang budc thi 3, y;, y, > 0, do d6 phuong an

t6i vu X (néu co) phai thoa mén:
X, +3X,
2X, +X, +X,

X, =0

Giai ra ta duoc X = (SZX“ ,5_52X4 ,0,x4j

Pé X 1a phuong an thi X phai théa man cac diéu kién con lai X, X5, X4 >0 va
X, —3x4 < 3. Tr do suy ra
1 2

——<X,<—
575

A : 2 A e o A1
Vay khi A < — thi tdp phuong an t61 wu cua bai toan goc la

X:(5+x4 5—2X40X) .. < _2.
5 7 5 27U0p 577%7 5
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3. PHUONG PHAP DON HINH DOI NGAU
3.1. N¢i dung phwong phap

Vé thuc chit, ddy 1a phuong phap don hinh 4p dung vao bai toan d6i ngau,
nhung dé tim 101 giai cta bai toan gbc. Phuong phap nay do Lemke G. E. dé xuét
nam 1954.

Phuong phéap don hinh giai bai toan QHTT bét dau tir mot phuong an cuc
bién xuit phat (nghiém dung AX = B va X > 0) ma chua théa mén tiéu chuan tdi
ru. Sau mdi bude lip ta tim dwge mot phuwong an cuc bién méi tot hon phuong an
cli va qua trinh nay tiép tuc cho dén khi tim dugc mot phuong an thoa min tiéu
chuan t6i wu.

Phuong phap don hinh d6i ngiu, lai xuat phat tir mot “gid phwong dn”
(nghiém dang phuong trinh AX = B) ma n6 théa mén tiéu chuan tdi vu (VA; £0)
nhung khong thoa méan X > 0, nghia 14 bang don hinh ban dau khong c6 phan tir
duong trong dong udc luong (dong cubi) nhung lai c6 phan tir Am & cot phuong an
(vi thé co tén 1a ¢t gid phuwong dn). Cac bang don hinh duoc bién d6i sao cho ludn
dam bao diéu kién tdi wu va qua trinh nay tiép dién cho dén khi nhan duoc phuong
an (khong con phan tir Am trong cot Gia phuong 4n). Phuong an d6 dugc goi la
phuong an tdi vu.

3.2. Thuit toan don hinh d6i ngiu

Buwée 1. Xuat phat tir hé m vecto doc lap tuyén tinh c6 ma trdn D = [Aj] voi

jeJ,|J]=m, sao chomoi A;<0,j= Ln.
Tim gia phuong an X, = (X*, 0), trong d6 X* = C*D ', v6i C* = (ci )iej;
xj=0,Vjel
Buwée 2. Kiémtrax; >0,V ie J?
+ Néu ¢, thi X 1a phuong an tdi vu.
+ Néu khong, thi sang budc 3.

Burée 3. Tai x; <0, kiém tra x;; > 0, Vj = 1,n?

+ Néu co6, bai toan khong c6 phuong an t6i uu.
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+ Néu khong, sang budc 4.
Buée 4. Ton tai x;< 0, ton tai Xij < 0.

Chon x; =minx; = dua A, ra khoi co s6.
x,<0

Buwoc 5. Tim ph'?m tlr truc xy tor cach chon:

) : A . g
Bo = min{—  =—% = dua A, vao co s¢ moi.
50| Xy Xk

Buwée 6. Xay dung phuong 4an X, bang cach bién d6i bang don hinh nhu

thuong 1€.
Gan X, = X, roi trd lai buée 2.

Chii y: Trong trudng hop bai toan ddi ngdu suy bién thi c6 thé 0, = 0, khi 6, =0 ta
van 4p dung thuat toan binh thuong, diéu ndy lam nay sinh kha niang xuat hién hién
tugng xoay vong. tuy nhién, gidng nhu phuong phap don hinh, trong thyc té tinh
toan ta dé dang thoat khoi hién tuong xoay vong.

DAu hiéu xuét hién phuong an cuc bién suy bién 13 0, dat tai nhiéu chi s,
khi d6 cac véc to ung véi 0, déu ¢ thé dua vao co so, vi vay ta chon véc to bat ky
mot cach ngdu nhién trong sd chung dua vao co sd ma khong can sir dung quy tic

tur vung.

Vi dy 2.6: Giai bai toan sau ddy bang phuong phap don hinh ddi ngu

f(X)=x,—x, +X; +X, + X, > min

2x, +X;—X, +3X,=6
o X, +X, >3
vo1 diéu kién
4x, +x, — X, +2x5=5
X; >0,Vj=1,5

Giai: Pua thém an phu x¢ > 0, ta c6 bai todn dang chinh tac

f(X)=x,—Xx, +X; +X, + X, > min
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2x,  +Xx5-X, +3X; =6
. —X, -X =-3
vo1 diéu kién 4x, +x, X, +2x, _s
x;20,Vj=16
Néu chon co s6 A3A¢A,, ta duoc gid phuong an
Xo=1(0,5,6,0,0,-3)
Ta c6 bang don hinh déi ngﬁu:
Bang 2.1
Bang | Cosd | Hésd | Toa 1 -1 1 1 1 0
5O A, ¢ | doxi | A A, A; A4 As Ag
A, 1 6 2 0 1 -1 3 0
1 = Ag 0 3 -1 0 0 @ 0 1
A, -1 5 4 1 0 -1 2 0
f(X) =1 -3 0 0 1N 0 0
A; 1 9 3 0 1 0 3 -1
A4 1 3 1 0 0 1 0 -1
! A, -1 8 5 1 0 0 2 -1
f(X) = 4 2 0 0 0 0 -1

Tai bang II, c6 cac phan tir trong cot gia phuong an déu khong 4m nén

phuong an t61 uu cia bai toan la

X(0, 8,9, 3, 0) Va £ = 4.
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Chuong 3
BAI TOAN VAN TAI

1. CAC KHAI NIEM VA TINH CHAT CUA BAI TOAN VAN TAI
1.1. N§i dung kinh té va cac dang toan hoc ciia bai toan van tai
1.1.1. Nji dung kinh té ciia bai todn

Gia st can van chuyén mot loai hang hda tir m tram phat, ky hiéu 1a A ;
(1= I,_m). Luong hang can chuyén di & mdi tram A ; twong Gng 13 a; (don vi hang),
t&i n tram can thu hang, ky hieu B;(j = I,_n ), lugng hang can thu vé & mdi tram B;
twong tmg b; (don vi hang). Gia st cudce phi van chuyén tir tram phat hang A ; toi
tram thu B; 1a ¢;; (don vi tuy theo qui udce).

m

n
Gia thiet 3;> 0, b;>0,¢; >0 (i=1,m, j=1,n) va > a;=> b; =Q (bai toan
-1 =l

can bang thu phat).

Hay 1ap ké hoach van chuyén hang hoa sao cho tong chi phi van chuyén nho
nhat déng thoi thoa min nhu cau thu phat hang (cac tram phat, phat hét hang va
cac tram thu, thu du hang).

1.1.2. M6 hinh todn hoc cua bai todan
Xéac dinh ké hoach van chuyén hang nghia 1a x4c dinh luong hang can

chuyén di tir cac tram phat téi cac tram thu tuong tung. Goi Xjj 1a luong hang hoa

van chuyén tir tram phat A ; t61 tram thu B (x;; 20,1=1,m,j= 1,n).

n
Moi tram phat, phat hét hang nén ta co6: Z Xjj = ai, Vi=1m.
j=1

m
Moi tram thu, thu da hang nén ta co6: z Xij = bj,Vj =1,n.
i=1

m n
Nhu vay tong chi phi van chuyén la: 3 > ¢;x;;, va doi hoi phai cyc ticu.
i=1j=I

Khi d6 mo6 hinh toan hoc cua bai toan s€ la:
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f(X)= Zmlzn:cijxij — min

i=l j=I

ZXij =ai,(i=1,m)
j=1

m . R

inj :b_]’(-] :l,n)

._.
Il
—_

xj20(i=1Lm,j=1n).

(3.1)

(3.2)

(3.3)

(3.4)

Trong d6 ma tran X = (Xjj)mn duoc goi la ma tran phan phéi hang can phai

tim. Ham f(X) duoc goi 13 hdm muc tiéu va 1 tdng chi phi van chuyén. Hién nhién

(3.1) (3.2) (3.3) (3.4) 1a m6 hinh toan hoc ciia mdt bai toan qui hoach tuyén tinh

dang chinh tic.

Chii - Bai toan van tai (3.1) (3.2) (3.3) (3.4) duoc viét dusi dang tudng minh nhu

sau:

CiXip TCXp2t .. T CnXn T CoiXop tCoXoo+ oo HCopXop T ...

CoiXml T Com2Xm2 + +o. ¥C X mn — min.

X11+X12+...+X1n

X11 TXop o

X12 T X0 T

Theo d6, ma tran rang budc A cuia bai toan (3.1) (3.2) (3.3) (3.4) la:
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11..1 00..0 ... 00..0
00..0 I1..1 .. 00..0]
00.. 11...1
10...0 .. 10..0
01..0 01..0 .. 0I..0

00...
A=110..

oo
oo

g1l

00...1 00..1 .. 00..1

n n n

Nhén thdy ma trdn A dugc chia 1am 2m khéi: m khdi cia m dong dau thi ¢

mdi khéi 14 mot ma tran cdp m.n c6 mot dong c6 cac phan tir 1a 1, con cac dong

khac cac phan tir déu 1 0; khéi thir k c6 dong thir k 14 1 v6i k = 1,m. Con m khéi
ctia n dong sau thi moi khdi 1a mét ma tran don vi cép n.

Goi Ajj 1a cot hé so cua an x;; , ta c6 Aj; 1a véc to ¢t thir j trong nhom cot thu

1 cua ma tran A, khi d6 taludén c6 A;j=E;+E,+j, Vi=1Lm,j=1n, trong d6 Ey 1a
ma trin cap (m.n, 1) c6 phan tir & hang thtr k 1a 1, cac phan tir khac 13 0.

Pinh nghia 3.1. Moi bai toan qui hoach tuyén tinh c6 dang toan hoc (3.1) (3.2)

n

m
(3.3) (3.4) voi gia thiet a;> 0, b;> 0, ¢; 20 (i=1,m, j=1,n); > a; = > b; =Q duoc
i=1 1

g0i 14 bai todn vén tdi can bang thu phat.
Ngoai bai toan van tai cin bang thu phat hay bai toan dang déng ta co hai

bai toan van tai khong can bang thu phat hay bai toan dang md nhu sau:

+) iai > Zn:bj :
i=I i=1
f(X)= izn:cijxij — min

i=l j=I

n R
inj <a,(i=1,m)
i=1
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f(X)= iicﬁxﬁ — min

i=l j=I

inj :ai,(i l,m)

j=1

x;j20(@(=1m,j=1n).
Dinh nghia 3.2. Ma tran X = (X;j)mn thoa man hé cac diéu kién (3.2) (3.3) (3.4) cua
bai toan vén tai can bang thu phat duoc goi 1a mot phwong dn ciia bai todn hay mét
phuwong dn phdn phoi hang.
Ky hiéu tip hop cac phuong an cua bai toan 1a D.
Pinh nghia 3.3. Phuong 4n X thoa man yéu cau (3.1) ciia ham muc tiéu f(X) duoc
goi 1a mot phwong dn t6i wu.
bat: X 12 ma tran cOt gém m.n thanh phén:
X = (X11 X12 - Xin X21 X22 -2 Xon o+ Xl Xm2 «--Xmn) »
C 14 ma tran dong gébm m.n thanh phan:
C=(c11€C12..-Cn€21C22...Con .- €1 Cm2 ---Cmn)s
B 13 ma trn c¢6t gdm m + n thanh phéan:
B=(ajay...ayb; by... b))
A = (2j))(m + nymn) Ma tran hé s6 cac an ctia (3.2) (3.3). Khi d6 dang (3.1) (3.2)
(3.3) (3.4) c6 dang ma tran sau:
f(X)=CX > min

AX =B
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X>0
1.2. M0 hinh bang cta bai toan van tai
1.2.1. Bang vdn tdi
Ngoai cach mo ta bai toan dudi dang tong quat, do ddc thu cua 1p bai toan
van tai, ta c6 thé mo ta bai toan dudi dang bang dé thuan loi cho viéc tim 101 giai

cua bai toan.

Bang 3.1
T

BII b1 Bz! b2 BnI bn
P

C C C
A1: a i 12 In

C C C
AZ' a, 21 22 2n

C C C
A, ay | ™ m2 mn

Bang 3.1 trén dugc goi 1a bdng vin tai. Khong tinh dong dau (ghi luong
hang cua cac tram thu), cot dau (ghi lwong hang cua cac tram phat) thi bang c6 m
dong, n cot va m.n 6. Mdi cot twong ung cho mot tram phat, mdi dong tuong mg
cho mot tram thu.

O nim trén dong 1, cot j ky hiéu 1 6 (i, j). Goc trén bén trai 6 (i, j) ta ghi gia
cudc cjj, goc dudi bén phai ghi gia tri x; 1a luong hang van chuyén tir tram A; dén
tram Bj, chu y rang ta chi ghi gia tri cta Xjj vao 0 (1, J) néu Xij > 0 va goi 6 d6 la mot
6 chon; néu x;; = 0 thi ta bo trong vi tri d6 (trir trudng hop dic biét) va goi 6 d6 1a 6
loai.

Ky hiéu C(X) = {(1, j): x;; > 0}.

1.2.2. Vong va cdc tinh chit
Pinh nghia 4. M6t tap hop gom k 6 (k > 4) trén bang vén tai duge danh sé thu ty

1,2, ...,k (xem 6 dau tién 1a 6 ti€p theo cia 6 cuoi cung) dugc goi la mot vong néu
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chung thoa méan diéu kién: hai 6 lién tiép phai cung nam trén mot dong hay mot cot
va khong c6 ba 6 lién tiép cung nam trén mot dong hay mot cot.
Vong thuong duogc ky hiéu 1a V va duoc biéu dién:

V= {1, 1), (1, J2), (12, J2), -, (ip, Jp)( i, J1) }
hoac

V= {1, J1), (U2, J1), (12, J2), -, (ip, Jp)( 11, Jp)§ 5

VOl ik #ik+1, JkZJr+1, VK=1,2, ..., p.

Vidu I: Tacd mot vong nhu Bang 3.2 sau:

V=1{(1,2),3,2),(3,3),(5,3),(55), (1,5}

Bang 3.2
(ll) « (6)
I
(2) —*(3;)
!
4) )

Nhén xét: T dinh nghia ta nhan thay s6 6 ciia mdi hang hodc mdi cot ma vong di
qua 1a hai 6, do d6 tong s6 cac 6 c6 mat trén vong ludn 1a mot s6 chin va it nhat
phai c¢6 bén 6.
Pinh nghia 3.5. Mot tap hop cic 6 ma tir d6 co thé lay ra duoc mot s6 6 dé tao
thanh vong thi tap hop cac 6 do duoc goi la co chira vong.
Pinh ly 3.1. Cho K la mot tdp hop cdc 6 trén bang van tadi
{(A4y): (i)) €K} (3.5)

Tap hop K co chira vong khi va chi khi ho (3.5) la mot ho véc to phu thudc tuyén
tinh.
Chitng minh: Can: Gia st K chtra vong V ¢6 dang:

V= (1, 1), (i, J2), (12, J2)5 -5 (s Jp)Cps J 1)

Vi Ajj =E; + E;, +j nén r0 rang ta co:
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Ajj —Ajj, HAL, Tt Ay Ay =0,
dang thirc ndy chimg to ho (3.5) 14 ho véc to phy thudc tuyén tinh.
Dui: Gia sir ho (3.5) phu thudc tuyén tinh, khi d6 ta c6:

(i,)ekK

v6i it nhat mot hé s6 ay; = 0. Tir (3.6) ta co:

> o,(E,+E,.)=0 (3.7)

(i,j)eK
Gia sur a; ; #0. Khi do s0 hang o Ajj =0a; (E; +E; ;) co hai thanh phan
thiri; vam+j 1a o;; #0. D& lam triét tiéu thanh phan th i; ciia s6 hang nay thi
vé trai cua (3.6) phai chira it nhat mot sb hang c6 thanh phan tht i, khac khéng.
Gia st d6 1a s6 hang thir ijjo: o ; A;; # 0. Lai xuét hién thanh phan thtr m + j
khac 0. Dé 1am triét tiéu thanh phan nay thi vé trai cta (3.6) phai chta it nhat mot

s6 hang co thanh phan thir m + j, khac 0. Gia sir d6 1a s6 hang : a; ; Aj; #0. Lai

xuat hién thanh phan tht i, # 0 v.v... Vi vé trai cua (3.6) 1a mot tong hitu han nén
cudi cung dé 1am triét tiéu thanh phan thir m + i, (xuat hién lac dau) thi vé trai cta
(3.6) phai chira it nhat mot s6 hang c6 thanh phan tha m + i, khac 0. Gia sir d6 1a

s6 hang a; ;A # 0. Pong thoi véi viée chon cac sb hang khac khong thi ta da

chon ra duge tp hop ce 6 twong tng 18: (i, j 1); (i1 25 (2025 -3 Cips )5 Cips 1)
tap hop céac 6 nay chinh la mdt vong va no6 1a mdt tap con cua (3.5). Vay (3.5) chua
vong.

1.3. Tinh chit ciia bai toan vén tai cAn biang thu phat

Pinh 1y 3.2. Bai todn vin tii cin bang thu phat (3.1) (3.2) (3.3) (3.4) luén c6
phwong an t6i wu.

Chitng minh: Ap dung dinh 1y 1.8, ta can chi ra rang bai toan c6 phuong an va ham

muc ti€u f(X) bi chan dudi trén tap cac phuong an. That vay:
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Gia st X = (x;;) € D, do ¢;; > 0, x;; > 0 Vi, j nén f(x)= ZZC iX;i > 0. Nhu
i=1j=1

vay voi moi X € D, ham f(x) bi chén duéi trén D.
0 aib. — _ m n 0 .
bat xj; = 6,1 =lLm;j=1Ln (Qa; Z Q). bat Xp = (X j))mn- Khi d0 ta co:
i=1 j=1

ngzai,izl,_m qu =b,,j= Ln; XUZO i=1Lm

J=1

,j=1n.

Vay X, 1a mot phuong an cia bai toan. Ta c6 diéu phai chtirng minh.
Pinh ly 3. Trong bai toan van tai voi dang ma tran hang cua ma tran rang budc A
larankA =m +n - 1.
Chitng minh: Ta c6 tong ciia m dong dau cta ma trin A bang tong cua n dong sau
clia ma tran A va bang (1, 1, ..., 1). Suy ra m + n dong cia A phu thudc tuyén tinh,
do vay rankA <m + n -1. Ta s& chitng minh ring m + n -1 dong ctia A ké tir dong
thr hai 1a doc lap tuyén tinh. That vay: Goi D; 1a dong thlr 1 cua ma tran A, xét
dang thire sau:

m-+n

> a;D; =0. (3.8)

i=2

V& trai cua (3.8) 1a mot véc to gdm m.n thanh phan, ta xét n cot dau. Khi d6
m+n _ , .
tr(3.8)taco » a;d; =0, Vi=L,n;madj=1néui=m+j;dj =0néui=m+j.
i=m+1

Do vay o; =0,Vi=m+j,j=1,n. Hay apn+;=0, Vj=1,n.Khid6 taco

(3.8) = flociDi =0.

i=2
<> (0, Oy «vey Oloy O3, OL3y <nvy O3y vvy Olmy Oy 2.y Olpy) = 0.
= o, =0,Vk = 2,_m

= o=0,Vk=2,m+n.

Vay m+ n— 1 dong sau cta A doc 1ap tuyén tinh, hay rankA =m +n — 1.
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Tir két qua nay, ta thiy rang khi giai bai toan van tai bang phuwong phap don
hinh thi c6 thé bo di mot dong bat ky cua hé rang budc.
Dinh ly 3.4. Gia su X = (x;) ., la mot phuong dn cua bai todan vdn tai can bang
thu phat (3.1) (3.2) (3.3) (3.4). Khi d6 diéu kién cdn va du dé X la mét phwong dn
cuc bién la C(X) khong chita vong.
Chitng minh: Theo dinh 1y 1.6 phuong 4n X cua bai toan chinh tic 13 phuong 4n
cuc bién khi va chi khi {A;; : x;; > 0}doc 13p tuyén tinh, ma

{Aj x>0} = {A: (4, )) € C(X)},
theo dinh 1y 2.1 ho nay ddc lap tuyén tinh khi va chi khi C(X) khong chira vong.

Tu céc dinh 1y trén ta c6 cac hé qua sau:
Hé qua 3.1. Moi tdp hop gom nhiéu hon m + n — 1 6 trén bang vin tdi m.n déu cé
chira vong.
Hé qua 3.2. Piéu kién can dé phwong dn X la phwong dn cuc bién la sé thanh
phan dwong thuc sy ciia né khong vueot qud m + n— 1.
Pinh nghia 3.6. Phuong an cuc bién X cua bai toan van tai (3.1) (3.2) (3.3) (3.4)
dugc goi 1a phwong dn khéng suy bién néu nd ¢6 di m + n — 1 thanh phan duong
thue sy, néu khong thi phuong an co ban d6 goi 13 suy bién.
Pinh nghia 3.7. Gia st X 13 mot phuong 4n cyc bién va J 13 mot tdp hop gdm
m + n — 1 6 khong chtra vong ddng thdi J chia cac 6 (mg véi cac thanh phan
duong thuc sy cua X. Khi d6 J duoc goi la #é 6 chon co so ciia phuong an cuc bién
X.

Tir dinh nghia ta ¢, néu phwong an cuc bién X khong suy bién thi C(X) =J
12 hé 6 co s& duy nhit ciia X. Néu X suy bién thi C(X) # J va X c6 thé c6 nhiéu hé
co s¢ khac nhau.
2. THUAT TOAN THE VI GIAI BAI TOAN VAN TAI CAN BANG THU
PHAT
2.1. Phwong phap tim phwong an cwe bién xuat phat

2.1.1. Phwong phdp cwéc phi bé nhit
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Phuong phép ndy ludn wu tién phan phdi cho 6 ¢ cudc phi nho nhit trén
bang. Noi dung phuong phap nhu sau:

Trén bang van tai, ta tim 6 c6 cudc phi nhd nhat, phan vao 6 d6 mdt luong
hang 16n nhét ¢ thé duge. Khi d6 s& ¢ it nhat mot dong hay mot ¢t thdéa man
nhu cau (nghia 1a tram phat da ti€u thu hét hang hodc tram thu da nhan du ) hang
so v6i nhu cau), x6a bo dong hay cot d6 di va lap lai cong viéc nay déi véi cac 6
con lai, sau mot sb hitu han bude 1dp ta thu duoc ma tran X = (Xjj)mn.

Tap hop cac gia tri {xj},1= I,_m, j= I,_n thu duoc tir cach tim nhu trén la
mot phuong an cua bai toan, vi ching thoa man moi rang budc. Hon nira n6 con la
mdt phuong &n cyc bién.

That vay, theo cach phan phéi, cac 6 chon déu co xijj > 0. Gia st tap cac 0
chon c6 mot sb 6 tao thanh vong co6 dang:

V= {(i1,j1), (i1, J2), (12, J2)s -++» Clp, Jp)(dps 1)}
Khi d6 c6 cac truong hop sau xay ra:

- Hodc yéu cu cua tram phat Ai] thod man, hang 1, bi loai khéi bang, 6
(i1, j») khong thé duoc phan phbi.

- Hodc yéu cau cua tram thu B j, thoa man, hang j; bi loai khoi bang, 6 (ix, j1)
khéng thé dugc phan phdi.

- Hodc yéu cau cla ca tram phat Ail va tram thu B i thoa man, khi d6 hang
i; va cot j; bi loai khoi bang, 6 (iy, j») va 6 (ix, ji) khong thé dugc phan phdi.

Vay X 1a phuong 4n cuc bién cua bai toan vén tai can bang thu phat.

Vi du 3.1: Tim phuong an cuc bién cta bai todn van tai sau (Bang 3.1) bang

phuong phap cude phi nho nhat.
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Bing 3.3
T
30 20 25 35 40
30 |13 7 6 2 12
20 |5 1 10 5 11
40 |10 5 3 7 14
60 |6 3 2 11 10

Gidi: Trén bang van tai 3.3, ta thiy 6 (2, 2) c6 cudc phi nho nhat ¢,, = 5. Phan vao
6 d6 luong hang 16n nhat c6 thé duogc 1a x,, = 20. Khi d6 tram phat A, hét hang va
tram thu B, nhén da hang, tram phat A; con 80 don vi hang. X6a bé hang 2, cot 2,
1ap lai cong viéc trén sau mot sb hitu han budc, ta thu duoc phuong an cyc bién

cua bai toan nhu bang (3.4).

Béng 3.4
T
30 20 25 35 40
13 6 2 12
30
30
5 10 5 11
20
20
10 3 7 14
40
5 35
6 2 11 10
60
30 25 5
0O 0 0 30 0
0 20 0 0 O
Nhu vay, phuong an cyc bién thu dugc la: X, = .
0O 0 0 5 35

30 0 25 0 5
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Phuong an X, ¢6 7 6 chon, thiéu mot 6 so véi hang cua bai toan cin bang
thu phat. Ta lay thém mot 6 loai bo sung thém vao tap hop 7 6 chon dé du 8 6
khong chitra vong. Chang han 6 (1, 2), ta dugc tip 6 co s

Jo=1(1,2),(1,4),(2,2),3,4), (3,5), (4, 1), (4, 3), (4, 5);.

2.1.2. Phwong phap Fogels

No6i1 dung phuong phap: Trén bang van tai, ta tinh chénh 1éch cudc phi gitra
hai 6 c6 cudc phi nhé nhat ciia mdi dong va mdi cot. Xét dong hay cot ¢ chénh
1éch 16n nhét va phan vao 6 c6 cudc phi nho nhat cua dong hay cot d6 mot lugng
hang 16n nhét ¢6 thé dugc, bo di cac 6 nam trén cac tram di duge théa man. Sau d6
tinh lai chénh lé€ch cudc phi cua cac cot hay dong con lai, lap lai cong vi€c trén sau
mot sd hitu han 14n, ta thu dugc ma tran X = (Xij)mn la mOt phuong an cuc bién cua
bai toan van tai can bang thu phat.
Vi du 3.2: Tim phuong an cuc bién theo phuong phép Fogels ctia bai toan van tai ¢
vidu 3.1.
Gidi: Bang phuong phap Fogels ta tim duoc phuong an cuc bién nhu bang 3.5.

Bang 3.5
T
P 30 20 25 35 40

13 7 6 2 12

30 20 4,4x
5 1 10 5 11

20 20 4x
10 5 3 7 14

40 5 3512437
6 3 2 11 10

0 30 25 5 | L4l
1,44x  2x 1,I,Ix 3,547 1244

X

Phuong an cuc bién tim dugc theo phuong phap Fogels:
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0 0 0 30 0
0 20 0 0 0
10 0 25 5 10
30 0 0 0 30

2.2. Tiéu chuan t6i wu cho mdt phwong 4n ciia bai toan vén tii cin bing thu
phat
2.2.1. Bdi todn déi ngdu ciia bai todn vin tdi

Xét bai toan van tai :

f(X):ZZCinij — min (3.1)
i=l j=I

2 Xij =2, (i=1,m) (3.2)

j=1

mn .

> x;=b;,(j=1n) (3.3)

i=1

Xj=0(@1=1m,j=Ln). (3.4)

Ky hiéu u; 1a cac bién do1 ngau ung voi hé rang budc (3.2), v; la cac bién doi

ngau ung vaoi h¢ rang budc (3.3). Khi d6 bai toan doi ngau cua bai toan van tai co

dang:
Zaiui + Z:b_]VJ — max (39)
i=1 j=1
ui +vi<¢j 1=1m,j=1n). (3.10)

Céc cap diéu kién doi ngau:

Xj 20 u+vi<cy (i=1,m,j=1n) (3.11)
2.2.2. Tiéu chudn t6i wu cho mt phwong dn ciia bai todn vin tdi

Dinh ly 3.5. Gia su X = (xy)u, la phwong an cua bai toan van tai can bang thu
phat (3.1) (3.2) (3.3) (3.4). Khi d6 diéu kién can va di dé phwong dan X la phwong
an t6i uu la ton tai mot hé théng gém m + n thé Vi (Ug, Us, ..., Uy VI, V2 ey V) =

(U, V) sao cho:
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u; v, <c;(i=1m,j=1n), (3.12)

u; + v, = c; néux;> 0. (3.13)
Chitng minh. Can: Gia stt X = (Xi)mn 12 phuong 4n t6i wu cta bai toan van tai can
bang thu phat (3.1) (3.2) (3.3) (3.4). Theo dinh 1y d6i ngau thir nhat, bai toan doi
ngau (3.9) (3.10) ciing c6 phuong an ti wu. Gia st phuong an téi vu d6 1a (U, V) =

(ui, vj), 1= I,_m, j=1n.Khido diéu kién (3.12) dugc théa man. Mat khac theo dinh
ly ddi ngdu thir hai gitta (U, V) va X thi diéu kién (3.13) duoc thoa mén. Vay
phuong an ti vu ctia bai toan dbi ngau (U, V) chinh 1a hé thong thé vi phai tim.
Dui: Gia st tim dugc hé thong thé vi (U, V) = {(u;, vj): i=1,m,j=1,n} thoa
mén (3.12) (3.13). Vi théa man (3.12) nén (U, V) 1a phuong an cua bai toan ddi
ngau. Vi thoa man (3.13) nén cip phuong an X, (U, V) théa mén gia thiét ctua dinh
Iy d6i ngau thir hai. Vay X 1a phuong 4n t6i wu clia bai toan van tai va hé thong thé
vi (U, V) 1a phuong 4n t6i wu ctia bai toan d6i ngau.
2.2.3. Phwong phdp xdy hé théng todn thé vi

Giasu X, = (Xg)mn 13 mot phwong an cuc bién va J, 1a mot hé thong 6 chon

co so ciia X,. Ta s& xdy dung hé thdng thé vi (U, V) = (u,, vj), 1=1,m,j=1Ln. Lay
(3.13) 1am diéu kién xuat phat dé tim hé thong thé vi sau d6 s& kiém tra diéu kién
(3.12). Xét hé phuong trinh tuyén tinh:

ui + v = ¢ (1,]) € Jo. (3.14)

ViJy gdm m + n — 1 6 khong chia vong nén hé (3.14) gdbm m + n — 1
phuong trinh doc lap tuyén tinh, xac dinh m + n an. Do vay hé (3.14) c6 vo sd
nghiém phu thugc mot tham $0. Léy bat ky mdt an 1am tham sb, va cho tham s
nhan mgt gia tri cu thé, ch?mg han 13 s6 0, ta dugc mot nghi¢m riéng cua hé
phuong trinh. P6 chinh 14 hé thong thé vi ddi véi tap 6 co s6 J.

Pinh ly 2. Gid sw (U, V) va (U’, V) la hai nghiém riéng cua hé (3.14) khi do ta co:

ui‘i‘Vj:Mi"f’Vj,, Vi=],m,j=1,n.
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Tir két qua cua dinh 1y ta nhan thay viéc phuong an X, c6 tdi wu hay khong
nghia 1a hé thong thé vi (U, V) tim duogc ¢ thoa man diéu kién (3.12) hay khong,
n6 hoan toan khong phu thudc vao vi¢c ta chon 4n tu do va cho nd gia tri 1a bao
nhiéu khi di tim nghi¢m riéng ctia h¢ phuong trinh (3.14).

Tém lai, @é tim hé théng thé vi ung voi mot phuwong an cuc bién X, cho truodc
va kiém tra X, da t6i wu chwa ta thuc hién cac bude sau:

- X4c dinh hé 6 chon co s& cua X,. Néu X, khong suy bién thi J, = C(Xp).
Néu X, suy bién thi ta can bo sung thém mot s6 6 loai (1am 6 chon gia) dé cung véi
tap C(Xp) tao thanh m + n — 1 6 khong chira vong. Luong hang tai cac 6 chon gia la
0.

- Tim mdt hé thong thé vi, hay 1a tim mot nghiém riéng cua hé (3.14).

Dat Ajj = u; + vj — cjj, A duoc goi la s6 kiém tra hay wéc lugng cia 6 (i, ).
RO rang A; =0 V(1,j) € J va

-néu A; <0V (i, j) thi X, 1a phuong an t6i wu,

- néu ton tai Ajj > 0 thi X, chua phai 1a phuong an t61 wu.

2.3. Phuwong phap cai tién phuong an
B6 dé 3.1. Xét phuong an cuc bién X, voi hé 6 chon co so Jo. Gia sit (io, jo) 12 mot
6 bat ky khong thudc Jo, khi d6 tap hop {Jo + (io, jo)} s& chira mot vong duy nhat.
Chitng minh: Do {J + (i, jo)} gom m + n 6 nén néd chira mot vong V nao do va
hién nhién V di qua (iy, jo), Gia st vong V c6 dang:

V= {(i0, Jo), (0, J1)» (i1, J1)s - -5 (iks Ji)» (1 Jo) -

Gia sir ton tai vong V’ # V, di nhién V’ ciing di qua (io, jo) va gia sit V’ ¢6
dang:

V7= {(i0, Jo), (o, q1), (P1> q1); ---5 (P> Ak)> (P> Jo) -

Tur Vva V’ ta lap vong moi:

V77 = {(i0, j0), (A1, 1) ---5 (i Ji)s (iks Jo)s (Pis Jo)s (P> G ---5 (0, 1)} -

Vong nay khong di qua (i, jo), trai voi gia thiét J, khong chira vong. Vay ta

c6 diéu phai ching minh.
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B6 dé 3.2. Goi V 1a vong duy nhat tao béi (iy, jo) va mot sb 6 cia Jo. Panh sd thir tu
1,2, 3, ... cac 6 trén V bat dau tir (io, jo).
Ky hiéu: V. = {(i, j) € V c6 sb thir tu chin},
Vi = {(i,]) € V ¢c6 sb th tur 1&}.

Ta c6 cong thirc Zcij - Zcij =4, -
(,))eV.  (,)eV,

Chirng minh: Gia st V = {(io, jo), (10, 1), (11, J1)» ---» (1 Jx)> (i, Jo) } - Khi do:

G 2C =G HC — G G G
(L,)ev,  (1,)eV,

:_Ciojo +ui0 +Vi1 _uil _le +..._uik _ij +uik ‘+‘Vj0

=—Cij tu; +v; = Aiojo .
Ta c6 diéu phai ching minh.
Duea vdo hai két qua trén ta dwa ra thudt todn cdi tién phwong dn nhw sau:
Gia str phuong an cuc bién X, vdi hé 6 chon co s& Jy chua thoa man tiéu
chuan téi wu, nghia 14 con ton tai s6 kiém tra A > 0.
- Chon 6 diéu chinh (thuong chon 6 c6 s6 kiém tra duong 16n nhat). Gia sir

A; ;. =max{Ay > 0}, khi d6 6 (io, jo) 1 6 dicu chinh.

- Lap vong diéu chinh V tao boi (i, jo) va mot s6 6 chon khac cua Jo. Sau d6
dénh s6 tht ty va chia V thanh V,, V.

- Xéc dinh phuong 4n méi X, theo cong thirc:

xj (jeV
1

xij=1xi—q (ijeV, (3.15)

xj+q ()eV,
vé6i q 1a luong diéu chinh duoc xac dinh theo cong thirc:

q=min{x] : (ij) € V, f=x, . (3.16)

Pinh 1y 3.7. Gid sir X, la phwong dn cuc bién khéng suy bién, ma trdn X, dwoc xdc
dinh theo cong thuc (3.15) (3.16) la mot phwong dn cuc bién voi hé 6 chon co so
Jo=J Uiy jo)\iy, J,}, va tot hon hdn X,
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Chitng minh: Vi s6 6 ciia vong V nam trén mot dong hay mot cot bang 0 hoic 1a
mot s6 chin nén tir cong thic (3.15) ta co:

m
1 0 :
Xij = E Xij :bJ,VJ :l,m.
i=1

n n

| 0 _ s
inj = inj —ai,VI—l,m,
[

nps

._.
Il

Vi X, 1a phuong an cuc bién khong suy bién nén Xoij >0 v&1 moi (1, j) € Jo.

Do vay q > 0, mat khac theo (3.15) va (3.16) thi XL- > 0, V (i, j). Nhu vay ching to

X la phuong 4n cta bai toan. Tap hop J; van dam bao m + n - 1 6 chon va khong
chtra vong. Vay phuong an X, thu dugc 13 phuong 4n cuc bién véi co sé J;, dong

thoi f(Xo) - (X)) = q4; ; >0, chimg t6 phuong 4n X; tot hon phuong an X.

Thudt todn thé vi gidi bai todn van tdi cdn bang thu phat (bai todn khong suy
bién)gom cdc buéc sau:

Budc 1: Tim phuong an cuc bién XUt phat X, va h¢ 6 chon co sé J.

Budc 2: Xay dung hé thong thé vi, kiém tra tiéu chuan téi wu.

+ Néu thoa man tiéu chuén toi vu, két luan bai toan;
+ Néu chua thoa mén tiéu chuan t6i wu, chuyén sang budc 3.

Budc 3: Cai tién phuong an:

- Chon 6 diéu chinh, 1ap vong diéu chinh, xac dinh luong diéu chinh q.

- Xac dinh phuong an cuc bién méi X;: Gilr nguyén lugng hang tai cac 6
khéng nim trén vong diéu chinh V. Trén vong diéu chinh V ta thém luong hang q
& cac 6 1¢, bot di lugng hang q & cac 6 chin dong thoi xac dinh hé 6 chon co so
méi J;.

Gan X;: = X,, quay vé budc 2.

Chu y rang, do sb phuong an cyuc bién 1a hiru han nén thuat toan thé vi cling
s& két thiic sau mot sb hiru han bude.

Vi dy 3.3: Tim phuong an tbi wu ctia bai toan van tai can bang thu phat cho ¢ bang

3.6.

30 |25 40 25
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20 |4 2 10 6 Bing 3.6

45 |1 3 8 12

55 |5 3 9 7

Gidi: - Bang phuong phap cudc phi bé nhat, ta im duoc phuong an cuc bién xuat

phat X, nhu bang 3.7.

Bang 3.7
T
30 25 40 25
P
4 2 10 6
20
20
1 3 8 12
45
30 5 10
5 3 9 7
55
30 25
0 20 0 O
X,=/30 5 10 0
0 0 30 25

Phuong an cuc bién X, cé co sé J, 1a tap cac 6 chon.
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Bang 3.8
4 2 10 6
U = 0
- 20 - -
1 3 8 12
U = 1
30 5 10 -
5 3 9 7
U3 = 2
- (1 30 25

- Xay dung hé théng thé vi: tir cong thirc u; + Vi =¢j V(1,]) € Jo, chou; =0,
ta duoc hé théng thé vi nhu & bang 3.8.

- Kiém tra tiéu chuan toi wu: tinh Ay = u; + v; — ¢ d6i v6i cac 6 loai, thiy 6
(3.2) vi pham tiéu chuan tbi uu.

- Piéu chinh phuong 4n: lay 6 (3.2) lam & diéu chinh, ta dugc vong diéu
chinh V= {(3, 2), (2, 2), (2, 3), (3, 3)}.

= q =min{5, 30} = 5.

Diéu chinh 5 don vi hang tir 6 thudc V. sang 6 thudc V,, ta dugc phuong an
cuc bién X, nhu bang 3.9: khi d6 6 (2, 2) hét hang trd thanh 6 loai, 6 (3, 2) c6 hang

tré thanh 6 chon. Ta c6 co s& ma1 J; 1a tap cac 6 chon nhu bang 3.9.

Bang 3.9
4 2 10 6
Uy =- 1
- 20 | - (0)
1 3 8 12
Uy = - 1
30 - 15 -
5 3 9 7
Uz = 0
- 5 25 25
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- Xay dung h¢ thong thé vi: tir cong thiic u; + v; = ¢;; (i, j) € J;, cho uz =0,
ta duoc hé théng thé vi nhu & bang 3.9.
Tinh Ay, ta thiy Ay <0, V(1, j). Vay phuong an cuc bién X, la phuong an t6i

uu cua bai toan.

0 20 0 0
X,=[30 0 15 0 |,
0 5 25 25

tong cude phi van chuyén nho nhat 1

f(x)=2.20+1.30+8.15+3.5+9.25 + 7.25 = 605.
Chii y: Néu gip truong hop phuong an cuc bién suy bién thi q c6 thé bang 0. Khi
q =0, ta van tién hanh thuat toan binh thuong. Thyc chét cia qua trinh nay 1a thay
d6i mot 6 co sé thanh mot & khong thudc co sé, con 6 diéu chinh s& tré thanh 6 co
s0. Két qua ctia qua trinh 13 chuyén tir tdp 6 co sé ndy sang tip 6 co sé khac ma
khong 1am thay d6i phuong an cuc bién.

Néu q= min {Xij} dat tai nhiéu 6 khac nhau, d6 13 dau hiéu cua phuong an
(i,)eV,

cuc bién suy bién. Ta loai mdt 6 bat ky mot cach ngiu nhién trong cac 6 do, cac 6
khac gilt nguyén trong tip co s& moi (chung c6 vai trd nhu 6 bo sung).
Vi du 3.4: Cho bai toan van tai nhu bang 3.10.

Bang 3.10

51 54 60 45 80

50 |10 11 10 9 8

o0 |12 12 5 13 11

70 |19 18 6 14 15

80 |18 17 7 15 12

Tim phuong &n van chuyén to1 vu.
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Gidi: - Tim phuong an cuc bién xuat phat: Dung phuong phap Fogels, ta thu duoc

phuong an cuc bién X, nhu bang 3.11.

Bang 3.11
T 51 54 60 45 80
P
10 11 10 9 8
50 1,1,2,1x
5 45
12 12 5 13 11
90 6,1,1,0
46 44
19 18 6 14 15
70
10 60 0 |8,1,3,1
18 17 7 15 12
80 5,3,5x
80
2,2,7x  1,1,6 Ix 4x 3x

- Xac dinh tap 6 co sd: phuong an cuc bién Xuét phat ¢6 7 6 chon, thiéu mot

6 so v6i hang ciia bai toan. Ta bd sung thém 6 (3.5) dé du 8 6 khong chira vong.

Khi do ta co tap 6 co's0 Jo = {(1, 1), (1, 4), (2,1), (2,2), (3.2), (3,3), (3,5), (4, 5)}.

Bang 3.12
10 11 10 9 8
U =-8
5 - h 45| -
12 12 5 13 11
U2:-6
46 44| - ; ;
19 18 6 14 15
U3 =0
- 10 60 3) 0
18 17 7 15 12
U.4:-3
; ; ; ; 80
V1:18 V2:18 V3:6 V4:17 Vs =15
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- Xay dung hé théng thé vi: dung cong thuc u; + v; =c¢j;, V(1,]) € Jo, ta duogc
hé thdng thé vi nhu bang 3.12.

- Kiém tra tiéu chuan tdi wu: tinh Aij =uit+vj—cj,ta thdy 6 (3, 4) vi pham
tiéu chuan tdi uu.

- Dicu chinh phuong an: Lay 6 (3.4) lam 6 diéu chinh, ta dugc vong diéu
chinh V= {(3, 4), (1,4), (1, 1), (2, 1), (2, 2), (2, 3)}.

= q = min{45, 46, 10} = 10.

Diéu chinh 10 don vi hang tir cic 6 chén sang cac 6 1é, ta dugc phuong an
cuc bién X;: Khi d6 6 (3, 2) hét hang tré thanh 6 loai, 6 (3, 4) ¢6 hang trd thanh 6

chon, ta c6 hé 6 chon co s6 J;.

Bang 3.13
10 11 10 9 8
U =-5
15 - - 3512
12 12 5 13 11
u2=—3
36 54| - - (1)
19 18 6 14 15
Uz =0
- - 60 10 0
18 17 7 15 12
U.4:-3
; ; ; ; 80
V1:15 V2:15 V3:6 V4:14 Vs =15

- Xay dung hé théng thé vi: dung cong thuc u; +v; =c¢j, V(,]) € J;, ta duogc
hé théng thé vi nhu bang 3.13.

- Kiém tra tiéu chuan toi wu: tinh A = u; + v; — ¢y, ta thay 6 (1, 5) va 6 (2, 5)
vi pham tiéu chuan ti wu.

- Diéu chinh phuong an: Ly 6 (1, 5) lam 6 diéu chinh, ta duoc vong diéu
chinh V = {(1,5), (3, 5), (3, 4), (1, 4)}.

— q=min{35, 0} =0.
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bicu chinh 0 don vi hang tir cac 6 chan sang cac 6 1€, ta dugc phuong an cuc

bién X,: khi @6 6 (3, 5) tr¢ thanh 6 loai, 0 (1, 5) tr¢ thanh 6 chon, ta c6 hé 6 chon

co sO J,.
Bang 3.14
10 11 10 9 8
Uy =-5
15 - - 35 0
12 12 5 13 11
UQ:-3
36 54| - ; .
19 18 6 14 15
U3 =0
- - 60 10| -
18 17 7 15 12
Ll4:—1
; ; - ; 80
V1:15 V2:15 V3:6 V4:14 Vs =13

- Xay dung hé thong thé vi: dung cong thirc u; + Vi =¢jj, V(1,]) € I, ta duogc
hé théng thé vi nhu bang 3.14.
- Kiém tra tiéu chuan t6i wu: A; <0, V (i, j) . Vay phuong én cyc bién X, 1a

phuong an tdi vu:

15 0 0 35 0
|36 54 0 0 0
10 0 60 10 0

0 0 0 0 80

Khi d6 tong cude phi van chuyén nho nhat 1a:

f(X;)=10.15+9.35+12.36 + 12.54 + 6.60 + 14.10 + 12.80 = 3005.

3. BAI TOAN VAN TAI KHONG CAN BANG THU PHAT

m n
3.1. Phat 16n hon thu: (3 a; > >'b;)
i=1 j=1
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Khi van chuyén xong cho cac tram thu thi cac tram phat con tdn kho mot
9 m 1 9
lugng hang téng cong la giai — J;b i - Bai toan dat ra nén dé tram phét nao phai
chiu ton kho va ton bao nhiéu thi tong chi phi van chuyén s& thap nhat.

Dé giai quyét bai toan nay, ta lap thém tram thu th n + 1 (goi 1a tram thu
gid) véi nhu ciunhan vé la b, = z a, Zb i » cudc phi tir cac tram phat dén cac

j=1
tramthu gid la ¢, =0, Vi= I,m. Khi d6 ta duoc bai toan van tai can bang thu
phat, tim phuong an t6i wu cho bai toan can bang nay, tir d6 suy ra phuong an tdi
ru cua bai toan gdc: tram phat nao phan hang cho tram thu gia thi tram phat d6
phai chiu ton hang.

Chu ¥ rang, khi giai bai toan trén néu dung phuong phap cude phi bé nhat dé
tim phuong an cuc bién xuat phat ta wu tién phan phdi hang toi da vao cac 6 co
cudc phi duong bé nhat trude, roi cudi cling mdi dén cac 6 ¢ cude phi bang 0.

Vi dy 3.5: Tim phuong an van chuyén tdi vu cua bai toan van tai (Bang 3.15).

Bang 3.15

25 35 42 53

38 |10 12 3 9

57 |7 5 4 12

20 |11 1 5 8

m n
Giai: - Kiém tra dieu ki¢n can bang thu phat: > a; =160, > b; =155, nhu vay
i=1 j=l

phat 16n hon thu. Ta lap thém tram thu gia B, véi nhu cau nhan vé tuong trung la:
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4 _
—>.b; =160 — 155 = 5 don vi hang, cudc phi ¢;s =0, V i = 1,4. Khi d6

4
b5 = Z a;
i=l1 j=1

ta dugc bai toan vén tai can bang thu phat nhu bang 3.16.

Bang 3.16
T

25 35 42 53
P
45 |4 8 7 6
38 |10 12 3 9
57 |7 5 4 12
20 |11 1 5 8

- Tim phuong 4n cuc bién xuét phat: Dung phuong phap cudc phi bé nhat, ta

thu dugc phuong an cuc bién X, nhu bang 3.17.

Bang 3.17
25 35 42 53
P
45 4 8 7 6
25 20
38 10 12 3 9
38

57 7 5 4 12

15 4 33
20 11 1 5 8 0

20

Tap 6 co sd Jy 1a tap cac 6 chon nhu bang trén.
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Bang 3.18
4 8 7 6 0 _
u; = -6
25| - - 20 -
10 12 3 9 0 _
Up = -1
i i 38| ) i
7 5 4 12 0
Uz = 0
3) 15 4 33 5
THERE 5 8 0 W= 4
i 0] - |© i
V1:10 V2:5 V3:4 V4:12 V5:O

- Xay dung hé théng thé vi: dung cong thuc u; + v; =c¢j;, V(1,]) € Jo, ta duoc
hé théng thé vi nhu bang 3.18.

- Kiém tra tiéu chuén tdi wu: tinh Aij =ui +vj—cj, ta théy 6 (3, 1) vi pham
tiéu chuan tdi uu.

- Piéu chinh phuong an: Liy 6 (3.1) 1am 6 diéu chinh, ta dugc vong diéu
chinh V= {(3, 1), (1, 1), (1, 4), (3, 4)}.

= q =min{25, 33} =25.

Diéu chinh 25 don vi hang tir cic 6 chin sang cac 6 1é, ta dugc phuong an
cuc bién X;: Khi d6 6 (1, 1) hét hang tré thanh 6 loai, 6 (3, 1) ¢6 hang tré thanh 6

chon, ta c6 hé 6 chon co s& J;.

Bang 3.19
4 8 7 6 0 —
- - - 45 -
10 12 3 9 0 _
U = -1
i i 8] 1@ -
7 5 4 12 0
U3 =0
25 15 4 8 5
TR 5 8 0 W= 4
i 20 - o i
V1:7 Vo= 5 V3 =4 V4:12 V5= 0
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- Xay dung hé théng thé vi: dung cong thuc u; + v; =c¢j, V(i,]) € J;, ta duogc
hé thong thé vi nhu bang 3.19.

- Kiém tra tiéu chuan tbi wu: tinh Aij =ui +vj—cj, ta thdy 6 (2, 4) vi pham
tiéu chuan tdi uu.

- Piéu chinh phuong an: Lay 6 (2, 4) lam 6 diéu chinh, ta dugc vong diéu
chinh V= {(2, 4), (3,4), (3, 3), (2, 3)}.

— q=min{8, 38} = 8.

Diéu chinh 8 don vi hang tir cac 6 chén sang céc 6 1¢, ta duoc phuong an cuc
bién X,: Khi d6 6 (3, 4) hét hang trd thanh 6 loai, 6 (2, 4) c6 hang trd thanh 6 chon,

ta ¢co hé 6 chon co so J,.

Bang 3.20
4 8 7 6 0 o = -4
- - - 45 -
10 12 3 9 0 _
U = -1
- - 30 8 -
7 5 4 12 0 _
U3 =0
25 15 12 - S
11 1 5 8 0 o=
- 20 - - -

V1:7 Vo= 5 V3 =4 V4:10 V5= 0

- Xay dung hé théng thé vi: dung cong thuc u; + v; =c¢j;, V(i,]) € I, ta duogc
hé théng thé vi nhu bang 3.20.
- Kiém tra tiéu chuan t6i wu: A <0, V (i, j). Vay phuong an cuc bién X, la
phuong an tdi vu:
0 0 0 45 0
0 0 30 8 0
- 5|
0

> 125 15 12 0
0 20 0 0

Phuong an t61 vu cta bai toan goc la:
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0 0 0 45

|0 o0 30 8

125 15 12 o/
0 20 0 0

theo phwong 4n nay tram phat A; phai chiu ton kho 5 don vi hang. khi d6 chi phi
van chuyén nho nhat 1a:f(X) = 6.45 +3.30 + 9.8 + 7.25 + 5.15 + 4.12 + 1.20 = 750.
3.2. Phat it hon thu: (3 a; < >'b;)
i=1 j=1
Khi van chuyén hét hang tir cac tram phat dén cac tram thu theo nhu ciu cua

céc tram thu, thi cac tram thu con thiéu so v&i nhu cau mot lugng hang téng cong
n m ) , ,

la > b;—> a;. Bai toan dat ra nén dé tram thu nao phai chiu thiéu hang va thiéu
i=1 i=

bao nhiéu thi tong chi phi van chuyén sé& thap nhat.

Dé giai quyét bai toan nay, ta 1ap thém tram phat A,, , , tht m + 1 (goi 1a

n m
tram phat gia) v6i lugng hang can chuyén di la a,,,; = > b;—> a;, cudc phi tir
=1 =l

cac tram phat gia dén céc tram thu 13 ¢, i=0,Vj=1n.Khido ta dugc bai toan
vén tai can bang thu phat, tim phuong an t6i wu cho bai toan can bang nay, tir d6
suy ra phuong an t6i wu cua bai toan gdc: tram thu ndo nhan hang cua tram phat
gia thi tram thu d6 phai chiu thiéu hang.

Vidu 3.6: Cho bai toan van tai

Bang 3.21

110 90 110
30 15 17 14
60 12 10 11
100 20 16 21
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a. Viét dang todn hoc cua bai toan.
b. Tim phuong 4n van chuyén t6i wu.

2 \ N m n
Gidi: a. Kiém tra diéu kién can bang thu phat: Eai = 240, ;b =310, nhu vay
phat it hon thu, do d6 céc tram phat tiéu thy hét hang, cac tram thu phai chiu thiéu
hang.

Goi x; 1a luong hang tir tram phat A, dén tram thu B (i= 1,3, j=13). Khi
do ta ¢c6 mo hinh toan hoc nhu sau:

Tim ma trdn X = (Xjj)sx3 sao cho:

f(X) = 15X11 + 17X12 + 14X13 + 12X21 + 10X22 + 11X23 + 2OX31 + 16X32 +

21x;;— min.
X1 T X2 T X3 =80
X217 T X T Xo4 =60
X31 + X3, + X33 = 100
X1 + Xy + X31 <110
X2 + X2 + X32 <90

X13 +X23 +X33 <110
Xjj ZO, B _] E

b. Ta lap thém tram phat gia A, v6i lugng hang tuong trung can chuyén di la:

3 3 _
ay :ij —Z%ai =310 - 270 = 70 don vi hang, cudc phi ¢s; =0, V j = 1,3. Khi d6
i=

ta duogc bai toan vén tai can bang thu phat trong bang 3.22.
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Bang 3.22
T
110 | 90 110
P

15 17 14
80

12 10 11
60

20 16 21
100
70 |0 0 0

Bang 3.23
T
110 90 110
20 15 17 14
80
60 12 10 11
60
100 20 16 21
70 30
70 0 0 0
40 30

- Bing phuong phap cude phi bé nhét, ta tim dugc phuong an cuc bién xuat

phat X, nhu bang sau, phuong an cuc bién X, c6 co so Jy 1a tap cac 6 chon.

- X4y dyng hé thdng thé vi: dung cong thirc u; + vi = ¢ V(,]) € Jy, ta thu
dugc hé thong thé vi nhu ¢ bang 3.24.
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Bang 3.24
15 17 14 w14
- - 80
12 10 1 w14
(2) 60 (3)
20 16 21 =20
70 30 -
0 0 0 h=0
40| - 30

V1:O V2:-4 V3:O

- Kiém tra tiéu chuén tdi vu: tinh Ajj = u; + vj — cjj ddi véi cac 6 loai, théy 0
(2, 1) va (2, 3) vi pham tiéu chuan tbi uu.

- biéu chinh phuong an: ldy 6 (2, 3) 1am 6 diéu chinh, ta dugc vong diéu
chinh V= {(2, 3), (2,2),(3,2),(3, 1), (4, 1), (4, 3)}.

= q =min{60, 70, 30} = 30.

Diéu chinh 30 don vi hang tir cic 6 chan sang cac 6 18, ta dugc phuong an
cuc bién X : khi d6 6 (3, 4) hét hang trd thanh 6 loai, 6 (2, 3) ¢6 hang trd thanh 6

chon, dong thoi ta ¢6 co sé moi J;.

Bang 3.25
15 17 14 =17
(2) - 80
12 10 11 = 14
(2 30 30
20 16 21 4y =20
40 60 | -
0 0 0 u=0
70| - -

V1:0 V2:-4 V3:-3

Xay dung hé théng thé vi, nhu bang trén va kiém tra tiéu chuan téi uu, ta

nhan thay 6 (1, 1) va 6 (2, 1) vi pham.
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Lay 6 (2, 1) lam 6 diéu chinh, ta duoc vong diéu chinh:
V={2,1),3,1),,2),(2,2);

Luong hang diéu chinh 1a q = min{30, 40} = 30.

Diéu chinh 30 don vi hang tir cic 6 chdn sang cac 6 1é, ta dugc phuong an

cuc bién thtr X, nhu bang 3.26.

Bang 3.26

15 17 14 =15

(0) - 80

12 10 11 =12
30 - 30

20 16 21 4y =20
10 9 | -

0 0 0 0 =0
70 | - -

V1:O V2:-4 V3:-1

Xay dung h¢ thong thé vi, kiém tra thay A; <0, V(i, j). Vay phuong 4n cuc

bién thir X, 1a phuong 4n tdi wru ciia bai toan can bang thu phat.

0 0 80
130 0 30
27110 90 0
70 0 0

Viy phuong an toi wu cta bai toan gdc 1a:

0 0 &0
X=/30 0 30].
10 90 O

Theo phuong 4n nay thi tram thu B, phai chiu thiéu 70 don vi hang va tong
chi phi van chuyén nho nhat 1a:
f(X) = 14.80 + 12.30 + 11.30 + 20.10 + 16.90 = 3450.
4. BAI TOAN PHAN PHOI
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4.1. Pinh nghia. Bdi todn phdn phéi 14 bai toan quy hoach tuyén tinh c6 hé rang
budc gidng nhu hé rang budc ctia bai toan van tai nhung véi yéu cau lam cyuc dai

ham muc ti€u. Dang todn hoc

f(X)= lznlzn:cijxij — max

i=l j=I

Xj; =(2) a;,( =1,m)

M-

—
Il
—_

Xjj = () bja(j=1,_n)

™2

._.
Il
—_

Xij >0(@1= L_nlaj = L_n)-
cij = 0; a; > 0; bj >0, V1, .

Trong bai toan phan phdi, ta st dung thuat ngit “ ndng sudt” thay cho thuat
ngit “cudc phi”, thuat ngir  t6ng thu nhdp” thay cho thuat ngit “tong chi phi”.
4.2. Phwong phap giai

Dé tim phuong 4n ti wu cho bai toan phan phdi ta van sir dung phuwong phap
thé vi. Tuy nhién van c6 nhitng diém khac so voi bai todn min.

+ Kiém tra diéu kién cin bang.
+ Tim phuong 4n cuc bién xut phat:

- Phuong phéap “ning suit cao nhat”: Trén bang ning suit, tim 6 co ning
sudt cao nhat va phan vao 6 d6 luong hang 16n nhét c6 thé duoc. Khi do6 c6 it nhat
mot dong hay mot cot chira 6 d6 thoa man nhu cau. Xoa boé dong hay cot d6 va lap
lai thuét toan cho cac 6 con lai, sau mot sd hiru han budc ta tim duge phuong an
cuc bién cua bai toan.

- Phuong phap Fogels: Tinh chénh léch ning suat giita hai 6 c6 ning suit
cao nhat ciia mdi dong va mdi cot. Uu tién phan hang cho dong hay cot ¢ chénh
léch cao nhit vao 6 ¢ nang suét cao nhit mot lugong hang 16n nhat c6 thé duoc,

khi d6 c6 it nhat mot dong hay cot thoa méan nhu cau. Xo4 bo dong hay cot do, lap
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lai thuat toan trén sau mét s6 hitu han budc ta thu dugc phuong an cuc bién cta bai
toan.

+ Kiém tra tiéu chuan t61 vu: ti€u chuan té1 uu cua bai toan phan phoi la:

A;j>0,Vi=1,m,j=1n.
+ Tim hé thong thé vi va kiém tra tinh t6i uvu cho phuong an gidng nhu bai toan
min.
+ Piéu chinh phuong an: Néu phai cai tién phuong 4n thi 6 diéu chinh 1a:
Ajj = min{A;; < 0}.
Vi dy 3.7: Tim phuong 4n vén chuyén tdi wu cua bai toan phan phdi.

Bang 3.27

100 200 |150 | 140

150 |17 19 14 12

200 |23 15 16 10

200 |18 20 19 19

150 |24 19 13 18

m n

Gidi: - Kiém tra diéu kién can bang thu phat: Ziai =700, Z‘ibj =590, nhu vay
i= j=

phat 16n hon thu. Ta lap thém tram thu gia Bs véi nhu cau nhan vé tuong trung la:

4 4 _
bs = a; -2 b; =700 - 590 = 110 don vi hang, cudc phi ¢is =0, V i = 1,4. Khi
i=1 =l

d6 ta duoc bai toan van tai can bang thu phat sau:
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Bing 3.28
T

b 100 200 |150 140 110

150 |17 19 14 12 0

200 |23 15 16 10 0

200 |18 20 19 19 0

150 |24 19 13 18 0

- Tim phuong an cuc bién xuat phat: Dung phuong phap Fogels, ta thu duoc

phuong &n cuc bién nhu bang 3.29.

Phuong an cuc bién X, ¢6 hé 6 chon co so J,.

Bang 3.29
100 200 150 140 110
P
150 17 19 14 12 0 2.5x
150
200 23 15 16 10 0 7.1.5
100 50 50
200 18 20 19 19 0 11,1
150 50
150 24 19 13 18 0 5.1.1
90 60
Ix 1,1x 3,3x 1,1

- Xay dung hé thong thé vi: dung cong thirc u; + Vi = cij, V(1, ]) € Jy, ta duoc
hé théng thé vi nhu bang 3.30.
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Bang 3.30
17 19 14 12 0 u =4
+ 150 | + + +
23 15 16 10 0 u; =0
100 50 + + 50
18 20 19 19 0 u =1
+ (-4) 150 50 +
24 19 13 18 0 u; =0
(-1 (-4) + 90 60
vi=23 vo=15 v3=18 v,=18 vs=0

- Kiém tra tiéu chuan toi wu: tinh Ay = u; + vj — ¢;; , ta thay 6 (3,2), (4, 1) va
(4, 2) vi pham tiéu chuén tdi wu.

- Diéu chinh phuong an: Ly 6 (4, 2) lam 6 diéu chinh, ta dugc vong diéu
chinh V = {4, 2), (2, 2), (2, 5), (4, 5)}.

= q=min{50, 60} = 50.

Diéu chinh 50 don vi hang tir cic 6 chan sang cac 6 18, ta dugc phuong an
cuc bién X,;: Khi d6 6 (2, 2) hét hang tré thanh 6 loai, 6 (4, 2) ¢6 hang trd thanh 6

chon, ta c6 hé 6 chon co s& J;.

Bang 3.31
17 19 14 12 0 _
u; = 0
+ 150 | + + +
23 15 16 10 0 _
Uy = 0
100 + + + 100
18 20 19 19 0 _
Uz = 1
+ + 150 50 | +
24 19 13 18 0 _
Uy = 0
-1 50 + 90 10
V1:23 V2:19 V3:18 V4:18 V5= 0

- Xay dung hé thong thé vi: ding cong thirc u; + v; = ¢y, V(i, j) € Ty, ta duoc
hé théng thé vi nhu bang 3.32.
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- Kiém tra tiéu chuan ti wu: tinh A = u; + vj — ¢;; , ta thay 6 (4,1) vi pham
tiéu chuan tdi wu.

- Piéu chinh phuong an: Lay 6 (4, 1) lam 6 diéu chinh, ta dugc vong diéu
chinh V= {4, 1), (2,1),(2,5),4,5)}.

= q=min{100, 10} = 10.

Diéu chinh 10 don vi hang tir cic 6 chdn sang cac 6 1é, ta dugc phuong an

cuc bién X,, va hé 6 chon co so J,.

Bang 3.32
17 19 14 12 0 _
u; = 1
+ 150 | + + +
23 15 16 10 0 _
U = 0
90 | + + + 11
18 20 19 19 0 _
U =2
+ + 150 50 | +
24 19 13 18 0 _
U = 1
10 50 + 9 | +
V1:23 V2:18 V3:17 V4:17 V5= 0

- Xay dung hé thdng thé vi: dung cong thirc u; + Vi = Cij, V(1, ]) € I, ta dugc
hé thdng thé vi nhu bang 3.32.

- Kiém tra tiéu chuén toi vu: Aij =0, V (1, ). Vay phuong an cuc bién X; la
phuong an téi wu:

0 150 0 o0 O

190 0 o o0 110
1o 0 150 50 0 |
10 50 0 90 0

Phuong an t6i wu cuia bai toan géc la:
0 150 O 0
90 O 0 0
XO == ’
0 0 150 50
10 50 0 90

TRUONG PAI HQC KINH TE NGHE AN
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theo phuwong an nay tram phat A, phai chju ton kho 110 don vi hang. Khi d6 tong
thu nhép cao nhat la:

f(X) =19.150 + 23.90 + 19.150 + 19.50 + 24.10 + 19.50 + 18.19 = 11530.
5. BAI TOAN O CAM

Trong thyc té ta thuong gap tinh hudng tram thu B; khong thé nhan hang cua
tram phat A;, khi d6 6 (i, j) dugc goi 12 6 cAm. Bai toan van tai hay bai toan phan
phéi c6 thém yéu cau trén duoc goi 12 bai todn 6 cam. Mudn tim phuong an toi wu
cua bai toan van tai trong diéu kién nhu trén, ta 1am cho cude phi van chuyén tré
nén rat 16n. Khi d6 trong phuong an van chuyén t6i wu s& khong c6 hang tir A; dén
B;. Trén bang van tai, ta cho cudc phi ¢;; = M > 0 du 16n. Con d6i v6i bai toan phan
phdi c¢6 6 cadm (i, j) thi ta cho ning sut cij=-M,voiM la s6 duong du 1on.
Vi dy 3.8: Cho bai toan véan tai nhu bang 3.33, biét rang tram phat A, phai tiéu thu
hét hang. Tim phuong 4n van chuyén t6i wu.

Bang 3.33

T
100 | 120 |90
P

120 |10 9,5 14

120 | 8,5 8 10

130 |12 9 12

m n
Giai: Kiém tra dieu kién can bang thu phat: > a; =370, > b; =310, nhu vay phat
i=1 j=1

16n hon thu, do dé cac tram thu dugc nhan du hang, cac tram phat phai chiu tdn
hang, nhung riéng tram phat A, phai dugc wu tién tiéu thu hét hang.

Ta lap thém tram thu gia B, voi luong hang tugng trung can nhan vé 1a:

i=1

3 3 _
by =D a; —ij =370 - 310 = 60 don vi hang, cudc phi ¢y =0, Vi=1,3. Khi do
i=1

ta duoc bai toan vén tai can bang thu phat trong bang 3.34.
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Bang 3.34
T
100 | 120 |90 60
P
120 |10 9,5 14 M
120 |8,5 8 10 0
130 12 9 12 0

- Bang phuong phép Fogels, ta tim duoc phuong an cuc bién xuit phat nhu

bang 3.35.

Bang 3.35
100 120 90 60
P
120 10 9,5 14 M 0,5;4
100 20
120 8,5 8 10 0 0,5;1,5
90 30
130 12 9 12 0 30
120 10
1,5x Ix 2x

- Tap 6 co s& nhu bang trén, ky hi¢u tap 6 co so 1a J.
- Xay dung hé thong thé vi: ding cong thic u; + vi = ¢j V(1, J) € J, ta thu
duoc hé théng thé vi nhu & bang 3.36.

Bang 3.36
10 9,5 14 M _
u; = 0

100 20

8,5 8 10 0 4y = M
90 30

12 9 12 0 N
120 10
V]ZIO V2:9+M V3:10+M Va4 = M
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Bang 3.37
10 9,5 14 M =05
100 20
8,5 8 10 0 _
Uy = 0
(1) (1) 90 30
12 9 12 0
Uz = 0
100 30
V1:9,5 Vo= 9 V3:10 V4= O
Bang 3.38
10 9,5 14 (M =05
100 20
8,5 8 10 0 _
Uy = 8
30 90
12 9 12 0 _
Uz = 9
70 60
VIZO,S Vo= 0 V3:2 Vyq= 9

- X4y dung hé thong thé vi: dung cong thuc u; + Vi =¢j;, V(1,]) € Jo, ta duoc
hé théng thé vi nhu bang 3.38.
Kiém tra thay Aij <0, V(1, j). Vay phuong an cuc bién xuét phat 1a phuong

an to1 uu cua bai toan can bang:

100 20 0 O
X=/ 0 30 9 O
0 70 0 60
100 20 O
Vay phuong an t6i wu ciia bai toan goc la: X, = 0 30 90]|.
0 70 O

Theo phuong an ndy thi tram phat A; phai chiu ton kho 60 don vi hang va
tong chi phi van chuyén nho nhat la:

f(X)=10.100 + 9,5.20 + 8.30 + 10.90 + 9.70 = 2960.

TRUONG PAI HQC KINH TE NGHE AN
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CHUONG 4. MOT SO BAI TOAN UNG DUNG BAI
TOAN QUY HOACH TUYEN TiNH

I. BAI TOAN SAN XUAT PONG BOQ
1. CAC KHAI NIEM VA TiNH CHAT CUA BAI TOAN SAN XUAT PONG
BO
1.1. N§i dung kinh té va mé hinh toan hoc ciia bai toan san xuét dong bd
1.1.1. Nji dung kinh té ciia bai todn sin xudt dong bé

Gia sir c6 m may cong cu khac nhau tham gia san xuat mot loai san pham
gdm n chi tiét khac nhau. S6 may mdi loai tham gia qua trinh san xuét duoc gia
thiét 1a mot chiéc, sb chi tiét mdi loai cau thanh nén san pham dugc gia thiét 1a ty
1¢ v61 nhau theo ty s61:1:...:1,do vay co thé coi sb chi tiét mdi loai ciu thanh

nén san pham déu 1a 1. Nang suit may thir i san xudt chi tiét thir j 1a ajj (s6 don vi

chi tiét/ 1 don vi thoi gian) véi Vi=1,m, Vj=1,n.

Hay b tri thoi gian dé cac mdy san xuat cac chi tiét sao cho sd san pham du
b6 (dong bd) san xuét duoc 13 nhidu nhit.
1.1.2. M6 hinh todn hoc ciia bdi todn sin xudt dong b

Ta can tim ty 18 thoi gian phan bd cho may thir i san xuat chi tiét thir j trong
mot don vi thoi gian.

Goi x;; la phan thoi gian trong mot don vi thoi gian ma may thi i san xuét

. _ _ n _
chi tiét thir j, khi d6 ta co: Xij >0,Vi=1l,m, Vj=1,n va -Z1Xij <1,Vi=1m.
J:

S6 chi tiét j san xuét dugc bai may i la axij,Vi =1,m, do do téng sb chi tiét ]

san xuat dugc bdi tat ca cac may la:

Z = Zaijxij,Vj =1,n.
i=1
Sb san pham du bo 1a:

7= min{Zj,j=1,_n}=min {Z,= Zaijxﬁ,Vj = I,_n}.
i=1
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=7Z< Zaijxij,Vj =lne —Z:aijxij +72<0,Vj=1,n.
i=l i1

Khi d6 dang toan hoc cia bai toan sé¢ la:

Tim ma trdn X = (Xjj)mx Va Z sao cho

Z — max 4.1
> x,;<1Vi=lm (4.2)
j=1

1> ax;+2<0,Yj=1n (4.3)
i=1
x;20,Vi=Lm,Vj=1n;Z>0 (4.4)

Bai toan (4.1) - (4.4) 1a bai toan QHTT.

Pinh nghia 4.1. Bai toan qui hoach tuyén tinh c6 dang toan hoc (4.1) (4.2) (4.3)
(4.4) v6i gia thiét a; > 0, Vi=1,m, Vj=1,n dugc goi 1a bai todn san xudt dong bj.

Xuat phat tir thuc té, ta co hep pham vi nghién ciru ctia bai toan san xuét
dong bo nhu sau: v6i mdi i, mdi j déu ton tai a; > 0, nghia 1 mdi chi tiét j phai
duoc san xuit bai it nhat 1a mot may va moi may i phai san xuét duge it nhat mot
loai chi tiét.

Trong trudng hop tong quat: Néu may loai i c¢6 t; chiéc tham gia vao qua
trinh san xudt thi ta coi nhu chi c6 mot chiéc may loai nay, nhung ning suit duoc
quy udc lai la a;j =tay, Vj= Ln.

Néu chi tiét j c6 k; (don vi chi tiét j) ciu thanh nén san pham thi ta coi nhu

chi tiét j chi c6 mot don vi, nhung ning suat duge quy wdc lai 1a:

b -
aij —k—,\VIl—l,m .

j
Vi nhitng 1y do trén, vé mit 1y thuyét ta chi can nghién ctru phuong phap

giai bai toan san xuat dong bd nhu da cho 1a du.
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1.1.3. Bai todn déi ngdu ciia bai todn sin xudt dong bé
Pé thuan tién cho viéc xay dung phuong phap gidi bai toan san xuat dong
bo, ta gia thiét réng 3; >0, Vi=1m, Vj= I,_n

Bai toan (4.1.1) (4.1.2) (4.1.3) (4.1.4) duoc viét dudi dang tudng minh nhu

sau:
7. — max

X1 tXpt... tX <1

X1t Xt ... T Xpy <1

Xml T Xm2+ oo X <1
-a11X11 -221X21 - ... —am1Xml +7 <0
-ad12X12 -ayXoy -... —aAm2Xm2 +7< 0
-a1,X1n - Xon - ... -ayXmn T Z <0

xijZO,Vi:I,_m, Vi=1n;Z>0

Ma tran h¢ s6 cac rang budc chinh ctia bai toan san xuat dong bo 1a:

1 1.. 1 0 0.. 0. 0 0.. 0 O]
0 0.0 1 1. 1..0 0. 00

0 0.0 O O0..0..1 1.. 10
-a,, 0.. 0 —a, 0.. 0 ..—-a_, 0. 01
0-a,.0 0-a,.0.. 0-a,..01

m2

| 0 0..—-a, 0 O0..-a, ..0 O..—al

Bai toan do61 ngau cua bai toan san xuat dong bo:
Tim cac sO uy, Uy, ..., Uy, Vi, Vo, ..., V, S20 cho

Zui — min (4.5)

i=l
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u,—a,v;20,Vi=L,m,Vj=1n (4.6)
J Zvj >1 (4.7)

j=1

0, 20,v,20,Vi=Lm,Vj=1n (4.8)

Céc cap dicu kién do1 ngau:

X; 20 va U —agv; 2 0,Vi=1,m,Vj=1n
n
>0 va ZVjZI
j=I
n -
injﬁl va u, 20,Vi=1m
j=1
m _
- ax,+Z<0vav;20,Vj=1n
i=l1

1.1.4. Dang bang ciia bai todn sin xudt dong bé

Bang 4.1
A a2 aj; Ain
ces . Uy
X11 X12 X1j X1n
i1 ap ajj Ain
Uj
Xi1 X2 le Xin
dml Adm2 a'rnj Amn
U
Xml Xm2 ij Xmn
Vi V2 ... Vj .. Vi

Bai toan san xuat dong bo duoc biéu dién dudi dang mot bang gom m dong,

n ¢t va m.n 6. Ung vGi moi may loai i va moi chi tiét j ta c6 mdt 6 nam & dong thir
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i va cot j, ky hiéu 12 6 (i, j), trong 6 nay ning suit a; dat ¢ goc trén bén trai, con
thoi gian x;; ddt & goc dudi bén phai cua 0.
1.2. Tinh chit ciia bai toan san xuit dong b
1.2.1. Phwong dn ciia bai todn sin xudt dong bj
Dinh nghia 4.2. Ma tran X = (Xjj)mxn va Z thoa man cac rang budc (4.2), (4.3), (4.4)
dugc goi 1a phwong dn cta bai toan san xuat dong bo.
Phuong an 1am cho Z dat cuc dai duoc goi 1a phuwong an 101 vu clia bai toan.
Vi bat ky ma trin X = (Xij)mxn thOoa man cac rang budc (4.2), (4.4) ciing cho
tuong img magt ho phuong an véi Z dugce xac dinh nhu sau:
0<Z<min{Z,j=Ln},
trong do 16 rang phuong an c¢6 Z=min{Z,, j=1,n} 1a tbt hon ca.
Do do ta s€ xem ma trdn X = (Xjj)mxn thoa mén céac rang budc (4.2), (4.4) 1a
mot phuong 4n cla bai toan san xuit dong bd véi Z duogce hiéu 1a:
Z=min{Z, j=1,_n} .
1.2.2. Tinh chit co bén ciia bai todn sin xudt dong bj
Pinh 1y 4.1. Bdi todn san xudt dong bo luén c6 phwong an toi uu.
Chitng minh: Nhan thdy X = (x;j) véi x; = 1/n, Vi=1,m, Vj=1,n thoa min diéu

kién (4.2), (4.4). Vi vy bai toan san xuit dong bd ludn c6 phuong an.

n
Mat khac, vi ) x, <1,Vi=1,m vaxy >0 Vi, j nén 0 <x; <1. T d6 suy ra
Jj=1

ham muc tiéu:
Z=min{Y ax,,Vj=1n} < min{> a,Vj=1n}=C
i=l1 i=1

bi chan trén bai C trén tp phuong 4n nén bai toan c6 phuong an tdi wu.
Pinh 1y 4.2. Trong phuwong dn téi wu ciia bdi todn san xudt dong bo thi Z luén

duong.
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Chitng minh: Theo gia thiét a; >0, Vi=1,m,Vj=1n, dong thoi mdi san pham thi
i phai dugc san xuét trén it nhat mot may j, nén mdi i déu ton tai j dé xjj > 0. Do

vay tu:
Z=min{Z, ,j=1,_n}=min {Z, = Zaijxij,Vj = I,_n}
i=1

cho ta thdy Z > 0.
Pinh 1y 4.3. Trong todn sin xudt dong bg hang ciia ma trdn hé sé cdc rang budc
chinh la m + n.
Chitng minh: Ky hiéu D; véc to dong thtr i cia ma tran A véi i =I,m+n , ta chimg
minh hé m + n véc to dong nay doc lap tuyén tinh. Xét dang thire sau:
oD, + oDy + ...+ 0 Din = 0

trong d6 0 1a véc to khong m.n + 1 chiéu.

Gia st oy # 0, ta c6 thé gidsu oy =1 (vi néu khong, ta chi vi¢c chia cd hai vé
ctia dang thuc trén cho o, # 0). Tir thanh phan thtr nhét ciia dang thirc trén ta c6 1 -

Om+1 @11 = 0, suy ra oy > 0, twong tu ta ¢o oy > 0, Vj= Z,_n Tu thanh phﬁn cudi

n
cung cuda thr m.n +1 cta dang thuc trén ta co Za =0. Suy ra tong cac so

I

m+j

duong bang 0, vo 1y. Vi vay a.; = 0.
Ly luan tuong ty,taco a;=0,1=2,3, ..., m.
Tt n thanh phan dau tién cua dang thire trén ta suy O =0, Vj= 1,n.
Nhu viy a, =0,Vi=1,m+n hay hé {D,, D,, ..., D,} doc lap tuyén tinh. Ta

c6 diéu phai chimg minh.

Pinh 1y 4.4. Néu hé thong sé {(u;, vi): i=1,m, j=1,n} la phuong dn cua bai todn

doi ngau thi u; > 0, Yi=1,m.

Churng minh: Tu (4.7) va (4.8) suy ra 3 v; > 0, két hop voi (4.1.6) va ajj > 0,

Vi=1,m,Vj=1n,tasuyrau >0, Vi=1m.
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*

Nhan xét. Néu X" = (x;

D VA {(u;,v)): i=1,m, j=1,n} 1a phuong 4n tdi wu cua

bai todn goc va bai toan doi ngau thi
n n
* . N *
inj =1LVi=Lm va Zvj =],
j=1 j=1

Theo Pinh 1y 4.2, Dinh 1y 4.4 va Pinh 1y 1éch — bu ta c6 diéu phai ching

minh.

Pinh ly 4.5. Néu hé thong s6 {(u:,vj.) ci=1m, j=1,n} la phwong dn toi wu ciia
bai todn doi ngcfu thi vj. >0, Vj= I,_n

Chimg minh: Gia st nguoc lai ton tai v. =0, vi u; >0, Vi =1,m, nén
u, —a; v, >0,¥i=1,m. Theo Dinh Iy léch bu thi phuong 4n i wu cia bai todn
gbc phai thoa man xZ.O =0, Vi=1,m, do d6 chi tiét j, khong co, tirc 1a Z = 0, mau

thudn véi dinh 1y 4.2. Vay v} >0, Vj =1m.

A P A * * < * . . 7 \ ’ A ”
HE¢ qua. Neu X =(xy),,, va {(u;,v;): i=1m, j=1,n} la phuwong an toi wu cua
bai todan goc va bai toan doi ngau thi

1

> ax;+Z" =0,Yj=1Ln.
i=1

Diéu ndy c6 nghia 1a néu X" 1a phuong an t6i wu thi s6 cac chi tiét san xuat ra phai
bang nhau (Z, =2Z, = ... = Z,).
H¢ qua trén dugc suy ra tir dinh 1y 4.5 va dinh ly 1€ch — bu.

Pinh 1y 4.6. Néu hé thong sé {(u,,v;): i=1m,j =1,n} la phwong an cuc bién clia

bai todn doi ngau thi Zvj =1.
1
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Chitng minh: Gia sw {(u;,v;): i=1,m, j=1I,n} la phuong 4n cyc bién cia bai toan
d6i ngdu ma khong théa méan Zv . =1. Khi d6 n6 phai thoa mén m + n rang budc
1

chat doc lap tuyén tinh dang: u; — a;v; = 0, vo1 Viel VjeJ,
vi=0, v6i Vke J,,
trong do 1, J;, J, 1a tap chi s6 nao dé thoa man
I, c{l,2,...m};J),J,c{l,2,.n}val NnJ,=¢
Hé trén c6 duy nhat mot nghiém tm thuong:
u=0Viel;v;=0, VjeJ uJ,.

Diéu nay mau thuin vé6i dinh 1y 4.4 noi rang u >0, Vi=1,m . Vay Zvj =1.
1

Chii y. Dinh 1y 4.6 van dung trong trudng hop ton tai a;; = 0, chi can:

max{a;, Vi=1,m } >0, Vi=1n vamax{a;, Vi=1n }>0,Vi=Lm .

Nhén xét. Gia st {(w, v;): i=1,m, j=1,n} 1a phuong &n ty y cua bai todn d6i

ngau ma Zvj =1, ta s& truc tiép suy ra phuong an {(w’,vy), i=Lm, j=1Ln} thoa
1

man Zl:vj =1 nho phép bién doi ty 1€ sau:

u, =Au,i=1,m

b

V.=Av.,j=1n

J J

trong d6 A = <1.Khi do gid tri ham muc ti€éu mai la:

n
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tic 1a phuong an {(u;’,v;"), i=1,m, j=1,n} t6t hon phuong 4n cii. Tuy nhién, ta s&
coi hai phuong 4n nay 1a twong dwong nhau theo nghia tir phuong an nay tryc tiép
suy ra dugc phuong an kia nhd mot phép bién d6i ty 18, vi vay ta co coi ching nhu

chi 12 mot phuong éan.

Tong quat hon, cac phuong an {(u,,v;): i=1,m, j=1I,n} chikhac nhau mot
thtra s6 nhan dugc coi nhu 13 mot.

Tur dinh 1y 4.5 va dinh 1y 4.6 suy ra dé tim phuong an ti vu cua bai toan ddi
ngau ta chi can tim no trong s6 cic phuong an cua bai toan d6i ngu 1am thoa méan
chat m + n — 1 rang budc chat doc lap myén tinh dang u; - a;; vi=0

(mdi dong va mdi cot déu phai ¢ it nhat mot 6 (i, j) ma u; - a;; v; = 0)

Pinh Iy 4.7. Tdp hop m + n -1 6 vmg véi m + n - 1 dang thirc doc ldp tuyén tinh
dang u; - a; v; = 0 khi va chi khi né khong chira vong.

Do vay, phuong an thoa man chat m + n — 1 rang budc chat doc lap tuyén
tinh u; - a;; v; = 0 duoc goi la phuong an cuc bién suy rong cua bai toan dbi ngau

(4.1.5) — (4.1.8), véi gié tri ham muc ti€u tuong tng la:

M®bi phuong an cuc bién suy rong cia bai toan ddi ngiu duoc goi 1a hé
théng nhin ti cua bai toan san xuét déng bo, cac sd u; duoc goi 1a nhan tur ctua
dong i, cc sb vj duoc goi la nhéan tr cua cot j.

2. PHUONG PHAP NHAN TU GIAI BAI TOAN SAN XUAT PONG BO
2.1. Phwong phap tim phwong an cwc bién suy rong ban diu
Trén bang ning suét, tim & c¢6 ning suat 16n nhat. Gia st 6 d6 1a 6 (i, jo), ta

cho cot jp nhan tur cot v = 1, nhan tir cua cac dong va cac cot khac dugc tinh theo

nguyén tac sau:
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- Néu cot k dd c6 nhan ti, do theo cot éy, tim 6 ¢6 nang suét cao nhat trén
nhitg dong chwa c6 nhan tir, viét nhan tr cho dong chira 6 ay theo cong thirc:
u; = max {a;jv; vo1 moi ¢t j da co nhan tur}. (4.1)
O tuong g véi tich 16n nhit nay dugc 1dy 1am 6 chon.
- Néu dong 1 dd c6 nhan tir, do theo dong 4y, tim 6 c6 ning sudt cao nhat
trén nhitng cot chwa c6 nhan tir, viét nhan tir cho cot chtra 6 ay theo cong thuc:
vj = min{ i vei moi dong i1 da ¢6 nhan t}. (4.2)

aij

O tuong tng véi thuong nhod nhat nay dugce lay lam 6 chon.

Ap dung nguyén tic trén sau mot sd hiru han budc lip ta tim duoc hé thong

m+ nso6 (u,v;):i=Lm, j=Ln.

Chii y. Néu cuc dai (4.1) hodc cuc tiéu (4.2) dat tai nhiéu 6 thi co thé 1ay mot trong

cac 6 do lam 6 chon.

Pinh 1y 4.8. H¢ thong m + n sé (u; V) i=1m, j=1n tim duoc theo phuong
phdp trén 1a mét phirong dn cuwee bién ciia bai todn doi ngau.

Chirng minh: Tt cac budc xac dinh u;, v; ta co

u; —a; vj = 0,u;>0, Vj > 0,1=1,m, jzl,n,
con tai cac 6 chon thi u; —a;jv; = 0.
Ngoai ra cling theo phuong phép trén, cac 6 chon khong tao thanh vong. Tru
0 dau tién (i ,jo) 1a tmg voi hai nhan tir u, ,v, , con sau d6 ¢4 thém mot nhan tir

dong hoac cot thi ta c6 thém mdt 6 chon. Vi vay s6 6 chon bao gid cling la m +n —

1. Do d6 hé théng m + n sd (u;,v;):1=1,m, j=Ln lam thoa man m + n -1 dang
thire doc 1ap tuyén tinh, vi vay hé théng sé tim dugc theo phuong phép trén 1ap
thanh mot phuong 4n cuc bién cta bai toan d6i ngau.
Ky hiéu tip cac 6 chon 1a H, khi d6 ta co
ui—a;vi>0 < (1,))eH (4.3)
ui—a;vi=0 < (1,))eH 4.4)
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w;>0,v;>0,i=1,m, j=1n. 4.5)
Vi du 4.1: Tim hé théng nhan tir ciia bai toan san xuat dong bd cho nhu bang 4.2.
Bing 4.2
50 100 96 40
60 99 70 41
45 70 72 25
57 80 65 38

-0 (1, 2) ¢6 ning suat 1a 100, cho v, = 1.
- Trén cot 1 6 (1, 2) c6 ning sudt cao nhat trén cac dong chua co nhan tir
nén:
u; = max{100.1} = 100,
dat tai 6 (1, 2) nén ldy 6 (1, 2) 1am 6 chon va danh ddu nhu bang 4.3.

Bang 4.3
50 100 * |96 * 40 u; =100
60 * 99 70 41 * u, =100
45 * 70 72 * 25 uz =75
57 * 80 65 38 us =95
v =15/3 V,=1 V; =| vy =100/41
25/24

- Trén dong 1 6 (1, 3) c6 nang suat cao nhat trén cac cot chua c6 nhan tir

. |100| 25
V3 = miny —p=—,
96 24
dat tai 6 (1, 3) nén lay 6 (1, 3) 1am 6 chon va danh ddu nhu bang.
- Trén cot 3 6 (3, 3) c6 ning suit cao nhét trén cac dong chua co nhan tir

nén:

u; = max{70.1; 72.2} =15,
24
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dat tai 6 (3, 3) nén ldy 6 (3, 3) 1am 6 chon va danh ddu nhu bang.
- Trén dong 3 6 (3, 1) c6 ning suat cao nhat trén cac cot chua co nhan tir
nén:
. 1100 75| 5
V) = miny——,— r=—,
50 45) 3
dat tai 6 (3, 1) nén ldy 6 (3, 1) 1am 6 chon va danh ddu nhu bang.

- Trén cot 1 6 (2, 1) c6 nang suat cao nhat trén cac dong chua c6 nhan tir

u; = max 60.2,99.1,70.2 =100,
3 24

dat tai 6 (2, 1) nén lay 6 (2, 1) 1am 6 chon va danh dau nhu bang.

- Trén dong 2 6 (2, 4) ¢6 nang suat cao nhat trén cac cdt chua c6 nhan tir

. 1100 100 75 100
Vo =M\ ——,——,— =",
40 41 25 41

dat tai 6 (2, 4) nén lay 6 (2, 4) 1am 6 chon va danh dau nhu bang.

- Trén cot 4 6 (4, 4) c6 nang suat cao nhat trén cac dong chua c6 nhan tir

uy = max 572,80.1,65.£,38.@ =95,
3 24 41

dat tai 6 (4, 1) nén lay 6 (4, 1) 1am 6 chon va danh ddu nhu bang.

2.2. Xay dung hé thong s6 kiém tra va tiéu chuan tbi uvu
Ta tinh x;; va Z nho phuong an cyc bién (u;, vj) cua bai toan d6i ngau theo
cac phuong trinh sau:

xij=0, (@, ))eH (4.6)

D x;=LVi=lm (4.7)
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>ax,+Z =0,¥j=1n. (4.8)
i=1

Tu (4.8)taco Z = leaijxij,V] =Ln, tr (4) ta co g :V—’ O cac 0 chon, x;; =0
= j

60cacOloainén Z= Z—x.. =—>Yux, Vji=1n

n n m

=D viZ=2.(Qux)

=23y, =3 (Do (4.7))

Khi ¢6 Z ta tinh tiép xjj theo cac phuong trinh (4.6), (4.7), (4.8).

- Néu x;; > 0, V (i, j) thi hé théng nhan tir twong tmg 1a phuong 4n ti wu ciia
bai toan ddi ngau, do d6 ma tran X = (xij) 1a phuong an t6i uu ctia bai toan san xuat
ddng bo di cho.

- Néu ton tai 6 chon (i, j) ma Xij < 0 thi hé théng nhan tir twong Gmg chua
phai 12 phuong an ti wru cua bai toan dbi ngau. Trong trudng hop ndy ma tran X =
(xij) duoc goi la gia phuong an cua bai toan san xudt déng bo di cho.

X = (xjj) dugc goi 1a hé thong sb kiém tra cua phuong an cyuc bién cua bai
toan dbi ngau.

2.3. Piéu chinh phwong an

Gia st trong gid phuong an X = (xj)) ton tai 6 chon (iy, j;) ma x, . <0, khido
ta xAy dung phuong 4n cyc bién — bd sb nhan tr méi (u;,v,) khong x4u hon

phuong an cyc bién ct (u;, vj). Mudn viy ta tim cach loai bo 6 (iy, j;) khoi tap cac 6

chon, b6 sung 0 chon mai thay thé.
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Trudc hét ta sira lai hé thong nhan tir sao cho tu dang thic u, —a,,v, =0 tré
thanh ”;1 —-a,; 1/].1 > (0. Mudn vay ta thuc hién phép bién doi sau:

- Tai 6 (i), ji) ta gitt nguyén v, =v,, con u, =Au, (4 21), nghia la gitr
nguyén nhan tur ¢t va stra nhan tir dong.

- Cac 6 chon khéc, sau phép diéu chinh van 1a 6 chon, vi vay ding thirc
u, —a,v, =0 van phai thyc hién. Muon vay ta xét 6 chon (i, j) ndo ¢6 nhan tir dong
u, =Au, thi v, =Av,, 6 chon (i, j) ndo c6 nhéan tir cot v, = Av; thi u, = Au, .

Ta chia tap hop cac 6 cua bang thanh 4 nhom sau:

- Nhém 1: Gom cac 6 ma ca nhan tir dong va cdt déu tang Ién A lan, vi vay
bat dang thirc u, —a,v, >0 van ding v6i moi A.

- Nhom 2: Gom céc 6 ma nhan tor dong ting 1én A lan, nhan to cdt gilr
nguyén, vi vy bat dang thirc u, — al.jv'j >0 van ding véi moi A > 1.

- Nhom 4: Gom cac 6 ma ca nhan tir dong va nhan tr cdt gitr nguyén, bat
dang thirc u; —a,v;, 20 dang.

- Nhom 3: GOm cac 6 loai ma nhan tir dong gitt nguyén, nhan tir cft tang 1én
A lan.

Dé sau khi sira hé théng thé vi {(u,,v)): i=L,m;j=L,n} van la phuong 4n ta

phai chon A sao cho u; —a,v, =u,—Aa;v, 20, v6i moi 6 (i, j) thudc nhom 3, ky

hi¢u nhomnay Ia A. Suyra A< L,V(i,j) €A.
a.v.

1 v]

Do u;—a;v; > 0nén A > 1. Vay 1<A < —

V() EA.

IJVJ
Muén phuong 4n {(u;,v)): i=l,m;j=1,n} 1a phuong 4n cuc bién thi phai co

thém 6 chon mdi léy thém & cac 0 loai cii va chi chon thém dugc ¢ tap hop A, ta
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chon A :min{ 4 ,V(,]) e A}. Gia sir cyuc tiéu dat tai 6 (in, j»). Khi d6 6 (i, j»)

iV

duogc 1ay 1am 6 chon méi thay thé 6 (iy, j) bi loai. D& thay rang m + n — 1 6 chon
moi khong chira vong. Ngudi ta di chirmg minh duge rang phuong an cuc bién suy
rong mai tot hon phuuwong an cuc bién suy rong cii (v6i gia thiét bai toan dbi ngau
khéng suy bién thi A > 1).
2.4. Thuit toan nhan tir giai bai toan san xuét dong bd

Budc 1. Xay dung phuong an cuc bién suy rong ban dau cia bai toan d6i
ngau 1a w; = (u;, v;) v6i tap 6 chon H.

Budc 2. Kiém tra tiéu chuan tbi uu.

Tu phuong an cyc bién suy rong w; = (u;, v;) ta thye hién cac thao tac sau:

m

2

- Tinh Z=-=

- Tinh gia phuong an X; = (x;j) tr hé
Xij = 0> (la.]) & H

n

x; =LVi=1lm

J=1

—Zaijxij =Z,Nj=1n.
i=1

+ Néu x; 20,V(i, j) thi gia phuong an X, la phuong an cyc bién t6i wu cia

bai toan san xuat dong bo.

+ Néu dx; <0 thi chuyén sang buéc 3.
Budc 3. Piéu chinh chinh nhén tir (gia st loai 6 (ij, j;) vi co X;; <0):

- Timtap A.

e u
- Tim?»:mm{ f :(1r,Jk)eA}: 2

ivii Vi iiy Vi
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Pua 6 (15, j2) vao tap cac 6 chon thay cho 6 (13, j;)

- Xay dyng hé thong nhan tir méi w, = (u,,v,) bang cach:
+ Hodc u, = lui,vj = /Ivj tai hang 1 hay cot j c6 chir A.

+ Hodc tinh lai tir dau béng cach dat mot nhéan tir vi= 1 & cdt j nao
do, sau do tinh u;, vj theo cong thirc u; — a;vi =0 vo1 (i, /) e H .
Ta c6 phuong an cuc bién w, tot hon w.

Gan w, = w quay tr¢ lai budce 2. Sau hitu han budce 1ap ta tim dugc phuong
an t6i wu.
Chii y: + Trudong hop bai toan d6i ngiu suy bién, c¢6 thé gip A =1, khi d6 ta van ap
dung thuét todn binh thuong nhung két qua khong cho phwong an cuc bién suy
rong méi ma chi chuyén sang co sé khac cua phuong an dy. Piéu nay co6 thé 1am
xuat hién hién tugng xoay vong. Tuy nhién trong thuc té tinh toan chung ta dé
dang thoat khéi hién tuong xoay vong.

+ Khi A dat tai nhiéu 6 khac nhau day 13 ddu hiéu bai toan suy bién, khi d6 ta
chon ngau nhién mot trong cac 6 d6 vao 1am 6 chon.
Vi du 4.2: Tim phuong an t6i vu cua bai toan san xudt dong bd véi phuong 4n cuc

bién suy rong da xay dung duoc nhu ¢ vi du 1.

Bang 4.4
% %
50 100 96 40 u; = 100
60 * 99 70 41 *
Uy = 100 A
)
4 * 2 * 2
5 70 7 5 =75
57 * 80 65 38
Uy = 95
(+)

V= 5/3 V2 =1 V3 = 25/24 Vg4 = 100/41 A
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“ 1004100+ 75+ 95

T 5/3+1+25/24+100/41

V;

M-

Z:ll

b

M-

~.
l‘

Nhan théy trén cot 4 chi c6 mot 6 chon (2, 4) nén xy4 = Z/ay, > 1. Trén hang
2 c6 cac 0 chon (2, 1) va (2, 4) nén X1 + Xp4 = 1. Suy ra x5, =1 - Xo4 <0, ghi dau
(-) vao 6 (2, 1) nhu bang trén. Ta chuyén sang diéu chinh phuong an.

X1 < 0 nén u, phai stra, dong theo dong 2 gap 6 chon (2, 4) vi vay nhan t
cOt v4 phai stra. Déng theo cot 4 khong gdp 6 chon nao nira, vi vy cac nhan tu
khac giit nguyén (nhiing nhan tir phai sira ta viét thém chit A vao canh bén dé danh
dau nhu & bang trén).

A=1{(1,4),(3,4),4,4)}, .=min 1(1%0 , 71500 , 91500 :%.

40.— 25.— 38—
41 41 41

Cuc tiéu dat tai 6 (1, 4) va (4, 4). LAy mot trong 2 6 nay lam 6 chon méi thay
thé 6 (2, 1) bi loai, chang han 6 (4, 4), ghi diu (+) vao 6 (4, 4) nhu bang trén.

Xay dung bang méi voi hé théng 6 chon mdi, hé thong nhan tir méi theo
mét trong hai cach: Hodc u, = Au,,v, = Av, tai hang i hay ¢4t j ¢6 chit X, hogc tinh

lai tir dAu béng cach dat mot nhan tu cft v;= 1 nao do.

Bing 4.5
50 100 * [96 * [40 o= 100
60 99 70 s
45 % |70 72 % |25 -
57 % |80 65 N

V= 5/3 Vz =1 V3 = 25/24 Vg = 5/2
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4
Z” 100+102,5+75+95

Taco Z=- =
24: 5/3+1+25/24+5/2

V;

=1

~.

X2 tx53=1
X24:1

X3 + X33 =1

Xq1 T Xag =1
45X31 + 57X41 60
100X12 =60

96x,5 + 72x33 = 60
41,4 + 38x44 = 60
Gia1 hé trén ta tim duoc: Xo4 = 1; X440 = 0,5; x4;1 = 0,5; X3, = 0,7;
=0,3; x13=0,4; x1, =0,6.
Do moi x;; > 0 nén phu’cmg an t6i wu can tim ctia bai toan da cho 1a
0 06 04 O
N o 0 o0 1
107 0 03 0
0,5 0 0 0,5

v61 sO san pham du bd san xuat ra dugc nhi€u nhat 1a f,.,= 60.
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II. BAI TOAN TRO CHOI MA TRAN
1. MOT SO KHAI NIEM MO PAU
1.1. Vi du vé tro choi ma tran

+ Quy tic choi: Hai d6i thu P va Q cung choi, mdi ngudi déu c6 mot vién bi
tring (T) va mot vién bi xanh (X). Cung mét lac (bang hiéu 1énh nao d6) mdi
ngudi 1y ra mot vién bi va dat n6 1én ban.

+ Céch tra tién: QtrachoP 1 déng néu hai vién bi chon ra cung mau, hodc —
1 ddng (nghia 14 P tra cho Q 1 dong) néu hai vién bi chon ra khac mau. Trong
truong hop dau ta noi P thang, Q thua; truong hop sau ta néi Q thing, P thua. Tro
choi ctr tiép tuc nhu thé.

S6 tién tra 1 hay — 1 biéu thi s6 thu nhap hay so ton that ciia P. P mong
mudn 1am cuc dai sb thu nhap cua minh nén P dugc goi 1a nguwoi choi max, con Q
mong mudn 1am cuc tiéu sd thu nhap ctia ddi thu P (hay 1a cuc tiéu s6 ton that cia
minh) nén Q duoc goi 1a nguoi choi min.

+ Ma tran tro choi: dugc thé hién nhu bang 4.6.

Béang 4.6
Q
S N
P
1 -1
N -1 1

1 -1 ,
Ma trén A = ( | J duoc goi 1a ma tran thu hoach hay ma tran thang

hay ma trdn tra tién cia P.

Vi du trén 1a mdt dang ctia tro choi ma tran hay con goi 1a tro choi doi khang
hai doi thii véi tong 0 (s thu hoach ctiia ngudi ndy bang sé ton that ctia ngudi kia).
1.2. Bai toan tro choi ma tran
Pinh nghia 4.3. Tro choi ma trdan 1a tro choi dugc xac dinh boi ma trdn m hang, n
cOt A = (aj))mxn VOI1 a; 12 s6 thuc tuy v cho trudc . Ma tran A duoc goi 1a ma tran

thang (hay ma trdn thu hoach, hay ma trén tra tién). Phan ti ajj biéu thi murc do
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thang (chang han s tién ma Q phai tra cho P, thing thi a;j > 0, thua thi a; < 0,hoa
thi a; = 0) cua P néu P chon cach choi thir i, con Q chon céach choi thr ]. béi voi
ngudi choi P thi A 14 ma tran thing (hay ma tran thu hoach, hay ma tran tra tién),
nguoc lai ddi vai nguoi chot Q thi - A 1a ma tran théng (hay ma tran thu hoach,
hay ma tran tra tién).
Pinh nghia 4.4. Véimdii=1,2, ..., m, véc to don vi thir i

X=(0,0,...,1,...,0) e R"™
voi sd 1 & toa dd thu i, duoc goi la chién liwoe don thir i cua P. Véc to chién luge
tht i biéu thi viéc nguoi choi P chon hang 1 cia ma tran A. Pé don gian, thay vi
néi chién luge don th i ta néi chién luge i.

Tuong tu, Voi méij =1,2,...,n, véc to don vi thu j

X=(0,0,...,1,...,0) eR"
voi 86 1 & toa do thir j, dugc goi 1a chién liwoc don thir j cua Q. Véc to chién lugc
thir j biéu thi viéc nguoi choi Q chon hang j ciia ma trin A. Dé don gian, thay vi
no6i chién luge don thi j ta néi chién lugc j.

Chu ¥ rang trong cac trd choi ma tran, thong tin vé cach choi cua mdi ddi
thu can duoc gilt kin. O mdi 1an choi, cac dbi thu khong chon ¢d dinh mot chién
lugc don ( hang, cot) cu thé nao ma s& lua chon phéi hop cac hang (cot) theo ty I¢
(x4c suét) nao d6. Vi thé, ta di dén khai niém chién lugc hon hop.

Pinh nghia 4.5. Véc to X = (x4, Xa, ..., X) VO1 X; > 0,1 =1,_m vax;+xo .. X, =
1, trong do x; biéu thi xac suat dé P chon céach choi thir i, duoc goi la chién luoc
hon hop cia P.

Tuong tu, Véc to Y = (yi1, y2, .., Yn) VOLY; 20,j=1,_n vay,ty,+t ...ty =
1, trong do y; biéu thi x4c suat dé Q chon cach choi thtr j, duoc goi 1a chién luoc
hon hop cua Q.

1.3. Ham thu hoach cua P
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Khi P chon chién luge hdn hop X = (x4, X2, ..., Xm) vVa Q chon chién luoc
hdén hop Y = (y1, Vo, ..., ya) thi phan thing cta P (ciing 1a phan thua cua Q) duoc
tinh nhu sau:

Néu Q chon chién lugc don thir nhat (cot 1 cua A) thi ky vong thing cudc
cua P la: anxy tayxs + ... tamX, = Zailxi .

i=1
Néu Q chon chién luge don thi hai (cot 2 cua A) thi ky vong théng cudc cua

m
P la: Xt anXy + ...+ amX;m = Zauxi .

i=l

Néu Q chon chién lugc don thir n (¢t n ciia A) thi ky vong thing cudc ctia P
la: a;,x; + ayXo + ... + QX = i:ainxi .
i1
Do Q chon chién luge hdn hop Y = (y1, Yo, ..., ¥a) nén ky vong thang cudc
cua P la:
EX,Y) =y Zml:aﬂxi + yzzmllaizxi + ...+ yanl:amXi = i(iaﬁx-jyj.
- p i i
Pinh nghia 4.6. Ham thu hoach hay s6 thu hoach cta P 1a s thuc
EX,Y)= i(iaijxijyj ,
o\

trong d6 X = (xy, X2, ..., Xm) V& Y = (Y1, Y2, ..., Yn) trong ung la chién lugc hdn

hop bét ky cua P va Q.

Vidu 4.3: Xét tro choi cho bdi ma tran chitr nhat (m =3, n =4):
1 3 3 2
5 4 01
3 -1 2 4

Xétcépchiénlu’ch= 11 Va‘1Y=l 1 l . Tinh sb thu
2 4 4 1 4 4 4

hoach cua P?
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Q chon cot l:k}‘/VQngthéng ciaPla: 1x1/2+5x1/4+3x1/4=2,5.

Q chon c6t 2: ky vong thing cia P 1a: 3x1/2+4x1/4—-1x1/4=2,25.

Q chon ¢t 3: ky vong thang ciia P 1a: 3x1/2+0x1/4+2x1/4=2.

Q chon cot I:k}‘/VQngthéng ciaPla: 2x1/2+1x1/4+4x1/4=2,25.

Vay s6 thu hoach cta P la:

E(X,Y)=2,5x1/4+2,25x1/4+2x1/4+2,25x1/4=2,25.
2. PIEM YEN NGUA VA CHIEN LUQC TOI UU
2.1. Piém yén ngua
Xét trd choi cho boi ma tran tra tién A = (aj). Néu P chon chién lugce don thir i

thi P tin chac s€ nhén dugc s6 thu hoach it nhat 1a mina;.
J

Do P c6 thé chon chién luoc don bat ky nén P sé& chon chién luoc don lam cuc

dai s0 thang cudc, nghia 1a P s€ chon 1 sao cho min a; 1a 16n nhat. Bang cach chon
J

chién luge don nay, P bao dam thang it nhat la max mina;.
i j

Tuong tw, néu Q chon chién lugc don j, Q tin chic sb tién phai tra (ton thit)

nhiéu nhat 1a max a;. Nhu vay Q s€ cach chon chién lugce don lam cuc ti€u so ton
1

that ctia minh. Bang cach chon chién luge don nay Q co thé gitt cho P thiang nhiéu

nhit (Q thua it nhat) 1 minm axa,;.
j i

Pinh nghia 4.7. Néu ma trin tra tién A thoa min diéu kién:

maxmina; = minmaxa; = ay =V,
i J J 1

thi ta noi rang tro choi ma tran c6 diém yén ngwa va gid ciia diém yén ngua la phan
tor dpk — V.

Khi trd choi c6 diém yén ngua ay, P s€ théng it nhat v, néu P chon chién
luge don h va Q s& thua nhiéu nhét 13 v, néu Q chon chién lugc don k. Khi d6 h 1a
chién lugc tdi vu cho P va k 1a chién luge tdi wu cho Q.

Vi du 4.4: Cho tro choi v6i ma trén tra tién
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[\ I B

1
5
3

W A~ W

2

1].

3

Ta co: m_ina]j =aj =ap=1, mjna2j= a,; =0, m_ina3j= a3 =2 va
J J

J

max mina; = 2 = as;.

maxa, =ay =9, maxa;,= a) =4, maxa;,= a3 =2, maxa, = ay=3va

1

mjlnmiaxaij =2 =as.

Viy gia cta diém yén ngua 14 as; = 2 = v, tng véi cip chién luge don
X=(0,0,1)vaY=(0,0,1,0).

Ta nhén xét rang as; 13 vira 1a phan tir nho nhit trén hang 3, vira 14 phan tir
16n nhét trén cot 3. Bt cir diém yén ngua nio ciling c6 tinh chat nay.

Téng quat, ta c6 néu ay, = v 1a gia ctia diém yén ngua thi h 1a chién lugc don
t6i wu cua P va k 1a chién lugc don tdi wu cua Q.

Tuy nhién khong phai trd choi ma trn nao ciing ¢ diém yén ngua, nghia 1a
c6 chién lugc don tdi wu. Vi thé ta di dén khai niém chién lugc hdn hop tbi uu.
2.2. Chién lwgc tdi wu
Pinh nghia 4.8. Nghiém cia trd choi ma tran 1a cdp chién lugc hdn hop

X=X, XX ), Y = (¥, Y5, Y, ) VA s6 thue v, ky hidu E(X, Y, v) sao cho:

a. B(X,Y)=v,
b. E(X,j) = v v6imoichiénlugcdonj=1,2, ..., n,
c. E(i, Y)=v v6i moi chién lugec doni=1,2, ..., m.

X, Y tuong Ung goi 1a chién lwoc t6i wu cha P va Q, v goi 1 gid cua tro
choi.

binh nghia trén cho théy néu P chon cach choi theo ty 1¢ cho béi chién luoc

t6i vu X thi du Q choi thé nao, P ciing ludn thing it nhét 14 v. Ciing vy, néu Q
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chon céch choi theo ty 16 cho béi chién luge tdi wu Y thi di P choi thé nao, Q chi

thua nhiéu nhat 1a v. Gid v ¢6 thé duong, 4m hoic bang 0.

Pinh 1y 4.9. ( Pinh Iy minimax) Moi tré choi ma trdn véi cdc phan tir dwong,

ham thu hoach E(X, Y) bao gio ciing ton tai gid t6i wu, hay ta c6
m)?zxmyinE(X,Y)z myinm)gsz(X,Y)Z V.

Nhdn xét: 1) Moi tro choi ma tran, vdi a;; > 0, d&u c6 nghiém (X, Y, v) théa mén
E(X, Y)<E(X, Y)=v<E(X.Y),

vG1 moi cap chién luoc hon hop X, Y.

2) Néu ma tran tra tién A c6 phan tir am thi ta c6 thé thay thé né bang ma
tran A, = (a;; + p), voia; + p >0, bang cach chonp=1— min{a;: a;; < 0}.

Nguoi ta dd chimg minh dugc rang cac chién luge tdi wu ca ca hai trd choi
mg v6i ma tran tra tién A va A, 1a nhu nhau, dong thoi v, =Vv+p>0.
2.3. Tro choi ddi xing
2.3.1. Pinh nghia. Trod choi déi xitng 14 trd choi c6 ma tran tra tién A thoa mén céc
diéu kién sau:

a) A 12 ma trdn vudng cip n;

b) a; = 0,véi moi i;

C) a;j = -aj;, vO1 moi 1, J.

Ma trdn A véi céc tinh chit a, b, ¢ nhu trén go1 1a ma tran ddi xung l1¢ch.
Vi du 4.5: Tro choi dan gian: “One — Two -Three” (doc chéch 1a Oan tu ti) 1a mot
trd choi ma tran véi tap chién lugc don giéng nhau cho ca hai dau thi: ¢ mdi lan
choi, mdi ngudi choi gio tay ra hiéu chon “Gidy” hoic “Bua” hoic “Kéo” véi quy

udc: Gidy thing Bua, Bua thing Kéo, Kéo thang Gidy. Ma tran tra tién c6 dang:
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Bang 4.7
b Q Gidy Bua Kéo
Gidy 0 1 -1
Biia -1 0 1
Kéo 1 -1 0

2.3.2. Tinh chit ciia tro choi déi xirng

+) Néu X =Y thi E(X, Y) = 0, nghia 1a hai nguoi choi st dung cting mot
chién lugc nhu nhau thi ky vong thing cudc cia ho bang 0.

+) Gia st chién luoc t6i wu ciia hai nguoi lan luot 13 X va Y .Khiddé X=Y
vav=E(X, Y)=0, nghia 1 gia ctia tro choi dbi xtng bang 0.

Chién lugc tdi wu cho tro choi “Gidy — Bua — Kéo” 1a X=Y = (1/3, 1/3, 1/3)
voil gia v =0.
3. PHUONG PHAP TiM CHIEN LUQC TOI UU CHO BAI TOAN TRO
CHOI MA TRAN
3.1. Pua tro choi ma tran vé bai toan quy hoach tuyén tinh
Xét tro choi ma tran A = (ajj)mw. Theo dinh nghia 4 va dinh nghia 6 thi bai toan cua
P Ia tim véc to X = (X1, Xa, ..., Xy) Va s6 v sao cho

anx; +ayXy ...+ an Xy, > v (cong theo cot 1),

apX;tapX + ... tampXy =V (céng theo Cé)t 2),

a;pX) + ayXp ... + apXy > v (cong theo cdt n),
XX+ ... +tx,=1,x>0,1=1,2, ..., m.

Bai toan cta Q 1a tim véc to Y = (y1, Va, .., Ya) Va 0 v sao cho
anyp +apny, ... +a;,y, < v(cong theo hang 1),

axyr +any, + ... T auys < v (cong theo hang 2),

am1y1 + amy2 T ... T amyyn < v (cOng theo hang m),

y1+y2+'--+Yn:1>Yj20,i:1,2,...,1’1.
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Khéng mat tinh tong quat, ta co thé gia thiét a;; > 0 va vi thé v > 0. Dat

X . — . . Y . —
x,=—,i=lmvay, ==, j=1n.Taco
v \%

X, +X, ot X, 1w Y, +Y, tety, _1
v v
Ta thiy v 13 s6 tién ma P nhén dugc va v ciing 14 s6 tién ma Q phai tra nén P
tim cach lam cuc dai v hay cuc tiéu 1/v; con Q tim cach lam cuc tiéu v hay cuc dai
1/v. Vi thé ta co cip bai toan quy hoach tuyén tinh déi ngau:
Bai toan cua P:

f=x,+x,+..+Xx,, — min

a, X, +a,x,+..+a_x_ =1

a,X,+a,x,+..+a_,x_ =1

a, x, ta,x,+..+a_x_=>1

X, 20,1=1,m
Bai toan cua Q:
f,=y,+y,+..+y, > max

a,y, +a,y, +..+a,y, <1

a,y, +ayy, +..+a,y, <1

a_y +a,y,+..+a_y <1

y,20,j=1n

Nhdn xét. + Hai bai toan trén 1ap thanh cdp bai toan quy hoach tuyén tinh d6i ngau.

Hon nira, r0 rang ca hai bai todn déu c6 phu’orng an nén ca hai bai todn déu cé

phuong an ti vu va n}(;n 1 X, —rnaxZ:yJ
i=

(S6 tién thang nho nhét cuia P bang s tién thua 16n nhat cua Q).

+ Chién luge tdi wu cua P, va P, tuong tmg l1a:
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X, :Vxx;,izl,_n vay, =V><y;,j=1,_n.
3.2. Phuong phap tim chién lwoe t6i wu cho bai toan tro choi ma tran
+ Xét ma tran A da théa man moi a;; > 0, néu chua ta dua ma trin A vé ma
tran A, sao cho moi a;; > 0, béng cach chon
p=1—min{a;: a; <0};A, = (a8 + P)mxn-
+ Viét cdp bai toan quy hoach tuyén tinh ddi ngau twong tmg cua P va Q.
+ Giai mot trong hai bai toan bang phuong phap don hinh hoic don hinh ddi
ngau. Tr d6 tim phuong 4n t6i vu cho bai toan con lai.
+ Tur cac phuong 4n t0i vu X’ = (x;) va Y’ = () cua cdp bai toan ddi nglu
ta tim dugc chién lugc t6i wvu X* = (x;) va Y* = (yj) cua P va Q voi
X; =V, xx;,izl,_n vay, =v, xy;,jzl,_n, voi v, = 1/f;; v¥ =v,-p

Vidu 4.6: Tim chién lugc to1 wu cua trd choi ma tran

2 -1 0
A=-2 0 -2
1 2 3

Ta thiy — min{ a;i: a;; <0} =3, vi thé chon p = 4. Xét ma tran A, nhu sau:

A =

p

(S B S B @)\
N B~ W
— N B

Moi phan tir ciia A, déu duong nén v, > 0. Cap bai toan d6i ngau cta P va Q
la:
(P) f, =X, + X, +x; — min
6X, +2x, + 5%, >1
3%, +4x, + 6%, > 1
4x, +2%, + x;>1

x,20,x,20,x,=0

(Q  f,=y,+y,+y, > max
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6y, +3y, +4y, <1
2y, +4y, +2y, <1
S5y, +6y, +y, <1

y,>0,y,>0,y,>0

Ta giai bai toan (Q). Pua bai toan (Q) vé dang chinh tic nhu sau:

f,=-y,—y, -y, > min

6y, +3y, +4y, +y, =1
2y, +4y,+5y, +ys =1
5y, + 6y, +, + ¥, =1
\y}ZO,j=1,6

Chon co s& {A4, As, Ag} v6i phuong 4n cuc bién xudt phat ta co bang don

hinh nhu sau

Bing 4.8
Bang | Coso | HE $6 T?a ! ! ! 0 0 0
S6 A, ci io A, A, A, Ay As Ag
As |0 1 6 3 4 1 0 0
As 1 2 4 2 0 1 0
I =As |0 1 5 (6) |1 0 0 1
fX)=-10 |1 n 1 0 0 0
<Ay |0 12 |72 |o @2 |1 0 -1/2
. As 0 13 |-4/3 |0 43 |0 1 -2/3
A |-l 1/6 |5/6 |1 1/6 |0 0 1/6
F(X)=-1/6 1/6 |0 5/60 | 0 0 -1/6
As -1 17 |1 0 1 2/7 |0 -1/7
11 As 0 /7 |-83 |0 0 -8/21 |1 -6/7
A, -1 17 |23 |1 0 121 |0 4/21
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F(X)=-2/7 23 [0 0 521 [0 121

Tai bang III ta thay A0,V )= 1,6 nén phuong an t6i wu cua bai toan (Q)
la: Y? = (0, 1/7, 1/7, 0, 1/7, 0). Suy ra phwong an t6i uu ctia bai toan (Q) 1a Y’ = (0,
1/7,1/7)vaf,=1£ =2/7=1/v,.
Taco Y’ = (0, 1/7, 1/7) thoa man 1dng cac rang budc sau
y, >0
y; >0 ,
2y, +4y, +2y, <1

nén theo dinh 1y 1éch bu ta co6

3x, +4x, +6x, =1 x,=5/21
4x,+2x, + x5 =1 <9x,=0
x, =0 x,=1/21

Phuong 4n toi wu cta bai toan (P) 1a X’ = (5/21, 0, 1/21).
Nghiém cua tro choi la:
+ Chién lugc tdi wu cua P 1a:
X*=v.X*=7/2.(5/21,0,1/21) = (5/6, 0, 7/42).
+ Chién luge t6i wu cta Q 1a:
Y*=v.Y =7/2.(0,1/7, 1/T)=(0, 1/2, 1/2).

+ Gia cua tro choi: v¥ = v, —p=7/2-4=-1/2.

-127 - TRUONG PAI HQC KINH TE NGHE AN



- GIAO TRINH TOAN KINH TE -

TAI LIEU THAM KHAO
[1]. Nguyén Quang Péong, Ngb Vin Thit, Hoang Pinh Tuén, Gido trinh mé hinh
todn kinh té, Nha xuat ban Giéo duc, 2002.
[2]. Tran Xuén Sinh, Todn kinh té, Nha xuat ban Dai hoc Qubc gia Ha Nbi, 2007.
[3]. Pham Pinh Phiing, Nguyén Vin Quy, Gido trinh mé hinh todn kinh té, Nha
xuét ban tai chinh Ha N¢i, 2002.
[4]. Tran Tuce, Quy hoach tuyén tinh, Pai hoc Kinh té Quéc dan, 2001.
[5]. Tran Vi Thiéu, gido trinh tdi wu tuyén tinh, Nha xuét ban Pai hoc Qudc gia

Ha No1, 2004.

- 128 - TRUONG PAI HQC KINH TE NGHE AN



	BÀI TOÁN QUY HOẠCH TUYẾN TÍNH

	1.2. Bài toán phân công lao động

	1.3. Bài toán vận tải

	Kho K1 phát hết lượng xi măng có: x11 + x12 + x13 + x14 = 170

	Kho K3 phát hết lượng xi măng có: x31 + x32 + x33 + x34 = 180

	Lượng hàng vận chuyển không âm: xij ( 0, i = �, j = �

	Tìm véctơ X(x1, x2, ..., xn) sao cho hàm số

	Chương 2

	BÀI TOÁN QUY HOẠCH TUYẾN TÍNH ĐỐI NGẪU

	Định nghĩa 2.2. Các cặp bất phương trình sau

	Chú ý: Nếu bài toán gốc (I) được viết dưới dạng ma trận

	f(X) = CX ( min

	với điều kiện �

	với điều kiện YA ( C,

	LƯỢC ĐỒ TỔNG QUÁT

	Dạng 1.

	Dạng 2.

	Khi đó bài toán đối ngẫu của bài toán (II) là bài toán �

	Ví dụ 2.3: Tìm bài toán đối ngẫu của bài toán

	Vậy f(X) ( g(Y). ■


